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As a modified gravity theory that introduces new gravitational degrees of freedom, the generalized
SU(2) Proca theory (GSU2P for short) is the non-Abelian version of the well known generalized
Proca theory where the action is invariant under global transformations of the SU(2) group. This
theory was formulated for the first time in Phys. Rev. D 94 (2016) 084041, having implemented
the required primary constraint enforcing relation to make the Lagrangian degenerate and remove
one degree of freedom from the vector field in accordance with the irreducible representations of
the Poincare´ group. It was later shown in Phys. Rev. D 101 (2020) 045008, ibid 045009, that a
secondary constraint enforcing relation, which trivializes for the generalized Proca theory but not
for the SU(2) version, was needed to close the constraint algebra. It is the purpose of this paper to
implement this secondary constraint enforcing relation in GSU2P and to make the construction of
the theory more transparent. Since several terms in the Lagrangian were dismissed in Phys. Rev.
D 94 (2016) 084041 via their equivalence to other terms through total derivatives, not all of the
latter satisfying the secondary constraint enforcing relation, the work was not so simple as directly
applying this relation to the resultant Lagrangian pieces of the old theory. Thus, we were motivated
to reconstruct the theory from scratch. In the process, we found the beyond GSU2P.
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I. INTRODUCTION
Whether a classical description of the gravitational
interaction is fundamental or effective remains a mys-
tery. What is certain is that, no matter the funda-
mental theory of gravity is classical or quantum, and
despite its enormous experimental success [1–12], Ein-
stein’s theory of gravity is an effective theory [13–15].
The inevitable presence of singularities in General Rel-
ativity (GR) [16, 17], even assuming the validity of the
cosmic censorship conjecture [18–20], points out to a
breakdown of the theory. Should the breakdown takes
place in the infrared, the new theory that encompasses
GR might give us some insight about the true nature of
the current accelerated expansion of the universe. The
breakdown might take place in the ultraviolet, helping
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solve the renormalizability problems of GR and illumi-
nating the way to a quantum description of gravity. Of
course, the breakdown might take place in both, the
infrared and the ultraviolet. Another option is at an
intermediate scale, in the strong gravity regime, which
is particularly interesting because the very young multi-
messenger astronomy is giving us, and will continue do-
ing it, valuable information about the behaviour of grav-
ity at the scales associated to compact objects such as
black holes and neutron stars1. We might, therefore, be
in the verge of a scientific crisis and a new revolution in
Physics, in the sense of Kuhn [22].
Over the years, several approaches have been pro-
posed to classically extend Einstein’s theory of grav-
ity (see Ref. [23] for a review). Perhaps the simplest
1 At these scales, however, there might be some contributions
from the UV complete theory. This means that the regime of
validity of the modified gravity theory must also be ensured be-
fore applying constraints that belong to other scales/frequencies
[21].
2one, at least in its conception, is giving mass to the
gravitational carrier [24]; nevertheless, starting from the
Fierz-Pauli action [25] and arriving to the dRGT ghost-
free massive gravity [26], the introduction of a massive
graviton has shown to be a difficult challenge. Another
possibility is adding space dimensions while preserving
the second-order differential structure of the field equa-
tions and keeping untouched the gravitational degrees
of freedom; this is the proposal derived from the Love-
lock programme [27, 28] as the only curvature invari-
ant that satisfies these requirements in four space-time
dimensions is the Einstein-Hilbert term. A third alter-
native is invoking new gravitational degrees of freedom,
the simplest of them being a scalar field; the first pro-
posal in this regard was the well known Brans-Dicke
theory [29] but this has turned out to be just a particu-
lar case of a whole family of Lagrangians that comprise
the, nowadays very famous, Horndeski theory [30–37].
The purpose of preserving the second-order differential
structure of the field equations is to remove the Os-
trogradsky ghost [38–41] that makes the ground state
unstable in the presence of interactions. Notwithstand-
ing, this is not the only way to remove the Ostrogradsky
ghost although it is the most transparent; the degener-
acy of the kinetic matrix associated to the degrees of
freedom of the theory can be invoked so that primary
constraints among the phase space variables are gener-
ated [42] – in this way, the unwanted degrees of freedom
can be removed [43] even when the differential struc-
ture of the field equations is higher order. This idea was
put in action with the introduction of the beyond Horn-
deski theory [44, 45] and later generalized to what is now
known as the degenerate higher-order scalar-tensor the-
ory (DHOST) [46–48] where a plethora of Lagrangians
rose up to the surface. The application of this idea to the
Lovelock programme has, nonetheless, not been fruitful
[49] which is, paradoxically, very suggestive. A fourth
alternative is considering other geometric formulations
of gravity, i.e., considering not only the curvature but
also the torsion and the non metricity as the protagonist
geometric objects in the description of the gravitational
interaction [23, 50]. This has a long history starting
from the Einstein-Cartan theory [51, 52], which involves
curvature and torsion but leaving aside the non metric-
ity, to the coincident gravity proposal [53] where the non
metricity is the sole protagonist. Of course, there are
more possibilities, some of them with remanent harm-
less ghosts, they being, therefore, effective theories.
The introduction of new gravitational degrees of free-
dom has not been kept only in the realm of a scalar field.
Multiple scalar fields have been considered in what is
called the multi-Galileon theories [54–57]. More tensor
fields can be considered as well, as in the bimetric the-
ory [58] which introduces an extra spin-two metric. The
introduction of vector fields [59–63] and p-forms [64] has
also been investigated. Even the mixture of a scalar and
a vector field, together with gravity, has been explored
[65]. Each one of these proposals has its own motiva-
tions which we will not describe here except for those
related to the introduction of vector fields.
The most frequent question when we speak about vec-
tor fields in gravity and/or cosmology is: why to intro-
duce them? We think the right question is: why not?:
at the end of the day, and being pragmatical, we have
observed much more vector fields in nature than fun-
damental scalar fields. We have to be careful with the
problems they can generate: ghosts, anisotropies in cos-
mology, etc., but this does not preclude its study. In
fact, the role of vector fields in gravitation, astrophysics,
and cosmology has attracted a lot of interest in recent
years (see Refs. [23, 66–68] for some reviews), culmi-
nating in the construction and study of what is called
the generalized Proca theory [59–63]. This is the Proca
theory [69, 70], in curved spacetime, devoid of internal
gauge symmetries and can be seen as the vector-field
version of the Horndeski theory2. By construction, it
is plainly degenerate in order to avoid the propagation
of a fourth degree of freedom which clearly disagrees
with the structure of the irreducible representations of
the Poincare´ group. Its decoupling limit, in contrast,
reduces to the Horndeski theory.
The generalized Proca theory has been well studied
in astrophysics and cosmology [59, 73–81]. In the latter,
however, special attention has been paid because of the
anisotropies that a vector field produces, inherent to its
nature, both in the expansion of the universe and in the
cosmological perturbations. Such anisotropies can eas-
ily go beyond the observational constraints so it is neces-
sary to take some measures such as the rapid oscillations
of the vector field [82], the dilution of the vector field by
a companion scalar field [83], the suppression of the spa-
tial components of the vector field against its temporal
component [74], or the implementation of a cosmic triad
of vector fields3 that restores the isotropy [84–88]. The
latter proposal has been investigated in different con-
texts and finds a natural home in the presence of an in-
ternal SU(2) symmetry [89–93]. This was the main mo-
tivation behind the formulation of what was baptized as
the generalized SU(2) Proca theory (GSU2P for short)
[94] (see also Ref. [95]). The cosmic triad configura-
tion spontaneously breaks the internal (global) SU(2)
symmetry along with the Lorentz rotational symmetry
and Lorentz boosts leaving, however, a diagonal spatial
2 For the U(1) gauge-invariant version of the generalized Proca
theory in flat spacetime see Ref. [71] and in curved spacetime
see Ref. [72].
3 The cosmic triad is a set of three vector fields mutually orthog-
onal and of the same norm.
3rotation subgroup unbroken. The isotropic expansion
of the universe can then be naturally modeled with the
cosmic triad without resorting to fast oscillations, other
(scalar) fields, or the suppression of the vector fields
spatial components. The price to pay, however, which
is the spontaneous breaking of the Lorentz invariance,
is, anyway, extraordinarily reasonable since this seems
to be nature’s strategy to produce all the patterns we see
in condensed matter systems (fluids, superfluids, solids,
and supersolids; see Ref. [96]). Indeed, according to
the pattern classification in Ref. [96], what would be
the condensed matter analog of the cosmic triad in the
GSU2P is the, yet unobserved, type-II framid. The ap-
plication of the GSU2P to dark energy and inflation has
been explored in Ref. [97, 98] and its stability properties
in Ref. [99].
The GSU2P was built in Ref. [94] (see also Ref. [95])
having in mind the primary constraints required to re-
move the fourth degree of freedom. To that end, a pri-
mary constraint enforcing relation related to the pri-
mary Hessian of the system was employed. This was
done in flat spacetime following the standard procedure
of later covariantizing not before having removed redun-
dant terms in the obtained action via total derivatives.
Later on, two caveats were recognized. First, the con-
straint algebra was not closed only with the primary
constraints, at least for theories involving more than
one vector field [100, 101]4; a secondary constraint was
identified that closed the constraint algebra and that,
therefore, pointed out to the existence of ghosts in the
GSU2P. Second, the redundant terms in flat spacetime
turned out to be not necessarily redundant in curved
spacetime, which would lead, for sure, to new terms not
uncovered in Ref. [94]; indeed, such a remark led two of
us to rediscover the beyond Proca terms in Ref. [102],
they being the vector analogous of the beyond Horn-
denski terms, already obtained in Ref. [103]. Reformu-
lating the GSU2P in order to implement the secondary
constraint enforcing relation seemed at first sight very
easy because it was a matter of applying this relation
to the “old” GSU2P and seeing what the result would
be. However, this turned out to be impractical since
many terms had disappeared when employing the total
derivatives. Moreover, the total derivatives employed
satisfied the primary constraint enforcing relation but
not necessarily the secondary one, so repairing the old
theory quickly became quite a big deal and, therefore,
unworthy. The purpose of this paper is to build from
scratch the GSU2P paying attention to the two caveats
already mentioned and following a style of construction
4 The constraint algebra of the generalized Proca theory, the lat-
ter being a theory that involves just one vector field, turned out
to be trivially closed.
based on the decomposition of a first-order derivative
∂µA
a
ν of the vector field A
a
µ into its symmetric,
Saµν ≡ ∂µA
a
ν + ∂νA
a
µ , (1)
and antisymmetric part,
Aaµν ≡ ∂µA
a
ν − ∂νA
a
µ . (2)
Employing this decomposition will simplify things and
allow us to deal with a lower number of Lagrangian
building blocks as compared with Ref. [94]. In the pro-
cess, we will find the beyond GSU2P.
The layout of the paper is the following. In the Sec-
tion II, we will enumerate the requirements for the con-
struction of the GSU2P. In Section III, we will show how
an arbitrary function of Aaµν and A
a
µ satisfies both the
primary and secondary constraint enforcing relations,
leaving only the work of finding the right terms in the
action involving at least one Saµν . In section IV, we build
the Lagrangian involving one derivative and two vector
fields. Similar procedures are followed in Sections V, VI,
VII, and VIII, where we obtain the Lagrangians involv-
ing one derivative and four vector fields, two deriva-
tives only, two derivatives and two vector fields, and
three derivatives only. In all these cases, the number
of space-time indices in the Lagrangian building blocks
before contractions with the primitive invariants of the
Poincare´ group is less than or equal to six. We prefer
to keep the construction of the theory up to this level
since, as shown in Ref. [94], the number of Lagrangian
building blocks we have to consider scales very fast when
more space-time indices are considered. Finally, in Sec-
tions IX and X, we compare the “new” or “reloaded”
GSU2P with the old GSU2P and with the generalized
Proca theory respectively. Section XI is devoted to the
conclusions. Throughout the text, Greek indices are
space-time indices and run from 0 to 3 while Latin in-
dices are internal SU(2) group indices and run from 1
to 3. The sign convention is the (+++) according to
Misner, Thorne, and Wheeler [104].
II. REQUIREMENTS FOR THE
CONSTRUCTION OF THE THEORY
The GSU2P must be built having in mind the follow-
ing criteria:
1. The action must be, locally, Lorentz invariant (al-
though the symmetry may be non-linearly real-
ized).
2. The vector field must transform as the adjoint rep-
resentation of the global transformations belong-
ing to the SU(2) group [105–107]. Accordingly,
the action must be invariant under these transfor-
mations.
43. The primary constraint enforcing relation H0νab =
0, where
Hµνab ≡
∂2L
∂A˙aµ∂A˙
b
ν
, (3)
is the “primary” Hessian and a dot means a time
derivative, must be satisfied in flat spacetime in
order to make the Lagrangian degenerate. This
is a necessary condition to remove the unwanted
degree of freedom [59, 60].
4. The secondary constraint enforcing relation H˜00ab =
0, where
H˜µνab ≡
∂2L
∂A˙
[a
µ ∂A
b]
ν
, (4)
is the “secondary Hessian” and the brackets mean
unnormalized antisymmetrization, must be satis-
fied in flat spacetime so that the primary con-
straint holds at all times5. This condition together
with the preceding one are necessary and sufficient
to remove the unwanted degree of freedom in flat
spacetime [100, 101].
5. The decoupling limit of the theory must be free of
the Ostrogradsky’s ghost as must happen since the
full theory is free of it. This implies that the scalar
limit of GSU2P must belong to the non-Abelian
extension of the multi-Galileon theory [54–57, 94]
or any of its beyond or DHOST versions.
III. L2
All the Lagrangian pieces LAi built exclusively from
contractions ofAaµν andA
a
µ with the primitive invariants
of the Lorentz group6 [105–107], collected in a generic
Lagrangian piece called L2(A
a
µν , A
a
µ), satisfy automati-
cally both the primary and secondary constraint enforc-
ing relations thanks to the antisymmetry of Aaµν . To see
it, let us calculate the primary and secondary Hessians.
First of all,
∂LAi
∂A˙aµ
=
∂LAi
∂Acρσ
∂Acρσ
∂A˙aµ
=
∂LAi
∂Acρσ
δ0[ρδ
µ
σ]δ
c
a
=
∂LAi
∂Aaρµ
∣∣∣
ρ=0
−
∂LAi
∂Aaµσ
∣∣∣
σ=0
= 2
∂LAi
∂Aaρµ
∣∣∣
ρ=0
. (5)
5 This condition bears great resemblance with that obtained in
Refs. [108, 109] for mechanical systems with multiple degrees
of freedom.
6 They may, of course, either preserve or violate parity.
Any possible ambiguity in the second line of the pre-
vious equation is clarified having in mind that LAi is
always written as Aaµν contracted with an antisymmet-
ric tensor7. Thus,
∂2LAi
∂A˙bν∂A˙
a
µ
= 2
∂2LAi
∂Aaρµ∂A
c
αβ
∣∣∣
ρ=0
∂Acαβ
∂A˙bν
= 2
∂2LAi
∂Aaρµ∂A
c
αβ
∣∣∣
ρ=0
δ0[αδ
ν
β]δ
c
b
= 2
∂2LAi
∂Aaρµ∂A
b
αν
∣∣∣
ρ=0,α=0
− 2
∂2LAi
∂Aaρµ∂A
b
νβ
∣∣∣
ρ=0,β=0
= 4
∂2LAi
∂Aaρµ∂A
b
αν
∣∣∣
ρ=0,α=0
. (6)
The primary constraint enforcing relation is, therefore,
satisfied:
H0νab = 4
∂2LAi
∂Aaρµ∂A
b
αν
∣∣∣
ρ=0,µ=0,α=0
= 0 , (7)
because of the antisymmetry of Aaµν .
Regarding the secondary constraint enforcing rela-
tion, we obtain from eq. (5)
∂2LAi
∂Abν∂A˙
a
µ
= 2
∂2LAi
∂Aaρµ∂A
b
ν
∣∣∣
ρ=0
, (8)
which leads to the secondary Hessian
H˜00ab = 2
∂2LAi
∂A
[a
ρµ∂A
b]
ν
∣∣∣
ρ=0,µ=0,ν=0
= 0 , (9)
in view, again, of the antisymmetry of Aaµν .
Hence, we can conclude that the L2(A
a
µν , A
a
µ) La-
grangian piece satisfies automatically the first and sec-
ondary constraint enforcing relations necessary to prop-
agate only three degrees of freedom. This is the rea-
son why such a Lagrangian piece is so particular, dif-
fering in its structure and arbitrariness from the other
Lagrangian pieces we are going to describe in the fol-
lowing. On the other hand, the generalization of L2 to
curved spacetime is straightforward.
IV. ONE DERIVATIVE AND TWO VECTOR
FIELDS
Lagrangian building blocks constructed from one
derivative and two vector fields, linearly independent
7 Except for the case where no Aaµν tensors are involved. How-
ever, in such a case,
∂LA
i
∂A˙aµ
= 0 automatically.
5from L2, are terms of the form SµνAρAσ which, as can
be seen, involve four space-time indices. Group the-
ory tells us that four building blocks can be constructed
upon contractions of SµνAρAσ with the following ten-
sors [105–107]:
gµνgρσ ,
gµρgνσ ,
gµσgνρ ,
ǫµνρσ . (10)
Thus, the only building blocks either different to zero
or with the potential of becoming different to zero after
adding the internal group indices are the following:
Sµµ(A · A) ,
SµνA
µAν . (11)
The addition of the internal group indices leads to terms
of the form SaAbAc that involve three internal group
indices and which, from group theory [105–107], can
only be contracted with the totally antisymmetric ten-
sor ǫabc:
8
Sµaµ (A
b · Ac)ǫabc ,
SaµνA
µbAνcǫabc . (12)
Such terms vanish because of the antisymmetry of ǫabc
so we conclude that there do not exist terms in GSU2P,
linearly independent of L2, that involve one derivative
and two vector fields.
V. ONE DERIVATIVE AND FOUR VECTOR
FIELDS
A. The Lagrangian building blocks
Lagrangian building blocks built from one derivative
and four vector fields, linearly independent of L2, are
terms of the form SµνAρAσAαAβ that involve six space-
time indices. Group theory [105–107] tells us that, in
this case, the building blocks are constructed upon con-
tractions of SµνAρAσAαAβ with the following fifteen
permutations of the product of three space-time met-
8 Representing the structure constants of the SU(2) group. See
in particular the Misner, Thorne, and Wheeler treatise on grav-
itation [104] for a description of the SU(2) group as a manifold
endowed with a metric gab and an orientability form described
by ǫabc.
rics:
gµνgρσgαβ ,
gµνgραgσβ ,
gµνgρβgσα ,
gµρgνσgαβ ,
gµρgναgσβ ,
gµρgνβgσα ,
gµσgνρgαβ ,
gµσgναgρβ ,
gµσgνβgρα ,
gµαgνρgσβ ,
gµαgνσgρβ ,
gµαgνβgρσ ,
gµβgνρgσα ,
gµβgνσgρα ,
gµβgναgρσ , (13)
as well as with the following ten products of a space-
time metric and a Levi-Civita tensor:
gνρǫµσαβ ,
gνσǫµραβ ,
gναǫµρσβ ,
gνβǫµρσα ,
gρσǫµναβ ,
gραǫµνσβ ,
gρβǫµνσα ,
gσαǫµνρβ ,
gσβǫµνρα ,
gαβǫµνρσ . (14)
Other five contractions of the form gǫ are possible but
they are not linearly independent because of the prop-
erty:
gµνǫρσαβ = gνρǫµσαβ − gνσǫµραβ
+gναǫµρσβ − gνβǫµρσα . (15)
Thus, only three building blocks either are non vanish-
ing or have the potential of becoming different to zero
once the internal group indices are added:9
Sµµ(A · A)(A · A) ,
SµνA
µAν(A ·A) ,
SµνA
νAσAαAβǫ
µσαβ . (∗) (16)
9 From now on, the starred Lagrangian building blocks and total
derivatives will be those that vanish according to the Poincare´
group but that otherwise survive when considering also the
SU(2) group.
6When adding the internal group indices, these terms
acquire the form SaAbAcAdAe which can only be con-
tracted, according to group theory [105–107], with the
following six products of an internal group metric and
the respective structure constants:
gabǫcde ,
gacǫbde ,
gadǫbce ,
gbcǫade ,
gbdǫace ,
gcdǫabe . (17)
Other four contractions of the form gǫ are possible but
they are not linearly independent because of the prop-
erty:
gaeǫbcd = gabǫcde − gacǫbde + gadǫbce . (18)
Therefore, there exist only four linearly independent
building blocks in GSU2P that involve one derivative
and four vector fields:
L13 = S
a
µνA
µbAνc(Ab ·A
e)ǫace ,
L23 = S
a
µνA
ν
aA
c
σA
d
αA
e
βǫ
µσαβǫcde ,
L33 = S
a
µνAσaA
νbAdαA
e
βǫ
µσαβǫbde ,
L43 = S
a
µνA
νbAσbA
d
αA
e
βǫ
µσαβǫade . (19)
B. The Hessian constraints
The Lagrangian is hence written as a linear combina-
tion of the Lagrangian building blocks of Eq. (19):
L =
4∑
i=1
xiL
i
3 , (20)
where the xi are arbitrary constants. Because only one
derivative has been considered, the primary constraint
enforcing relation is satisfied automatically. Regard-
ing the secondary constraint enforcing relation, the sec-
ondary Hessian gives the following result:
H˜00ab = 2[−A
0c(A[b · A
e)ǫa]ce −A
0c(Ac · A
e)ǫ[ab]e
+A0[bA
0cA0eǫa]ce +A
0eA0cA0eǫ[a|c|b]]x1
−2Aσ[a|A
d
αA
e
βǫ
0σαβǫ|b]de(x3 − x4) , (21)
which can only vanish if
x1 = 0 ,
x3 − x4 = 0 . (22)
Thus, the Lagrangian that satisfies the constraint alge-
bra is given by
L = x2L
2
3 + x3(L
3
3 + L
4
3) . (23)
C. Total derivatives
Although the Lagrangian in Eq. (23) satisfies require-
ments 1 to 4 in Section II, some of its Lagrangian pieces
might be redundant, compared to L2, via total deriva-
tives. To find it out, we must proceed to build all the
possible total derivatives of currents involving five vec-
tor fields. To this end, we must follow a path similar to
the ones in previous sections, i.e. employing group the-
ory. In this way, a term of the form ∂µ(AνAρAσAαAβ),
which involves six space-time indices, must be con-
tracted with all the terms in Eqs. (13)-(14). How-
ever, the Lagrangian pieces we are interested in, L23 and
L33 + L
4
3, explicitly violate parity. Therefore, only the
terms in Eq. (14) are actually needed. This leads to just
one term that satisfies the requirement of either being
non vanishing or having the potential of being non van-
ishing once the internal group indices are added:
∂µ[(A ·A)AσAαAβ ]ǫ
µσαβ . (∗) (24)
The addition of the internal group indices leads to terms
of the form ∂(AaAbAcAdAe) that involve five internal
group indices. Therefore, they must be contracted with
all the terms in Eq. (17), which results in
∂µJ
µ
1 = ∂µ[(A
a · Aa)A
c
σA
d
αA
e
β ]ǫ
µσαβǫcde ,
∂µJ
µ
2 = ∂µ[(A
a · Ab)AσaA
d
αA
e
β ]ǫ
µσαβǫbde . (25)
These total derivatives can be expressed in terms of La-
grangian building blocks involving one derivative and
four vector fields, which is the key to observe whether
some of the two Lagrangian pieces in Eq. (23) are re-
dundant:
∂µJ
µ
1 =
1
2
[2AaµνA
ν
aA
c
σA
d
αA
e
β
+3AcµσA
d
αA
e
β(A
a ·Aa)]ǫ
µσαβǫcde
+L23 ,
∂µJ
µ
2 =
1
2
[AaµνA
νbAσaA
d
αA
e
β
+AaνA
νb
µ AσaA
d
αA
e
β
+(Aa · Ab)AµσaA
d
αA
e
β
+2(Aa ·Ab)AσaA
d
µαA
e
β ]ǫ
µσαβǫbde
+
1
2
(L33 + L
4
3) . (26)
We can see that, even after covariantization, the two
Lagrangian pieces in Eq. (23) can be removed, via total
derivatives, in favour of terms already contained in L2.
Now, from the previous two expressions and the results
of Sections III and VB, we can see that it is legitimate
to employ ∂µJ
µ
1 and ∂µJ
µ
2 since they satisfy the Hessian
constraints. Therefore, the conclusion is that there do
not exist terms in GSU2P, linearly independent of L2,
that involve one derivative and four vector fields.
7VI. TWO DERIVATIVES
A. The Lagrangian building blocks
When dealing with two derivatives only, the La-
grangian building blocks, linearly independent of L2, ac-
quire two possible structures: either AµνSρσ or SµνSρσ.
In both cases, the number of space-time indices is four,
so we have to contract with all the terms in Eq. (10).
This results in
SµµS
ρ
ρ ,
SµνS
µν , (27)
these terms being the only ones that either do not van-
ish or have the potential of being non vanishing once
the internal group indices are added. Indeed, when this
is done, these terms acquire the form SaSb which can
only be contracted with the group metric gab [105–107].
Thus, the Lagrangian building blocks are
L14 = S
µa
µ S
ρ
ρa ,
L24 = S
a
µνS
µν
a . (28)
B. The Hessian constraints
The Lagrangian is therefore written as a linear com-
bination of the Lagrangian building blocks of Eq. (28):
L =
2∑
i=1
xiL
i
4 , (29)
where the xi are arbitrary constants. Since this La-
grangian only involves vector fields through space-time
derivatives, the secondary constraint enforcing relation
is satisfied automatically. Regarding the primary con-
straint enforcing relation, the primary Hessian gives the
following result:
H0νab = −8gabg
0ν(x1 + x2) , (30)
which vanishes only if
x1 + x2 = 0 . (31)
Thus, the Lagrangian that satisfies the constraint alge-
bra is given by
L = x1(L
1
4 − L
2
4) . (32)
C. Total derivatives
Again, it is absolutely necessary to test if the La-
grangian in Eq. (32) is not already included in L2. To
this end, it is necessary to build the total derivatives of
currents built with one derivative and one vector field.
These terms, being of the form ∂µ[Aν(∂ρAσ)], involve
four space-time indices, so that they are constructed by
means of contractions with the terms in Eq.(10), except
for the last one in that equation as the Lagrangian piece
we are interested in, L14−L
2
4, explicitly preserves parity.
In this case none of the terms vanishes, so we end up
with three possible total derivatives:
∂µ[A
µ(∂ · A)] ,
∂µ[Aν(∂
µAν)] ,
∂µ[Aν(∂
νAµ)] . (33)
Since these terms are of the form ∂[Aa(∂Ab)], once the
internal group indices have been added, they can only be
contracted with a group metric. Thus, the total deriva-
tives we have been looking for are
∂µJ
µ
1 = ∂µ[A
µa(∂ · Aa)] ,
∂µJ
µ
2 = ∂µ[A
a
ν (∂
µAνa)] ,
∂µJ
µ
3 = ∂µ[A
a
ν (∂
νAµa)] . (34)
It is easy to see that these total derivatives, in their
actual form, are anyway useless because they lead to
terms involving second-order derivatives in addition to
the ones we are interested in which involve just two first-
order derivatives. The only way to circumvent this sit-
uation, at least partially but enough, is to construct the
linear combination
∂µJ˜
µ
1 ≡ ∂µJ
µ
1 − ∂µJ
µ
3
= −
1
4
AaµνA
νµ
a +
1
4
(L14 − L
2
4) +A
µa[∂µ, ∂ν ]A
ν
a ,
(35)
that removes the second-order derivatives since the com-
mutator in the last line trivially vanishes in flat space-
time. Indeed, from this result and the findings in Sec-
tions III and VIB, we can see that employing ∂µJ˜
µ
1 is
allowed since it satisfies the Hessian constraints. The
Lagrangian in Eq. (32) is, in consequence, already con-
tained in L2 in flat spacetime up to a total derivative.
Things, however, are different in curved spacetime.
D. Covariantization
As is usual the case, the covariantization of Eq.
(35) implies the replacement of partial derivatives with
space-time covariant derivatives and of the Minkowski
metric with an arbitrary space-time metric. Thus, the
curved spacetime version of Eq. (35) reads
∇µJ˜
µ
1 = −
1
4
AaµνA
νµ
a +
1
4
(L14 − L
2
4) +A
µa[∇µ,∇ν ]A
ν
a
= −
1
4
AaµνA
νµ
a +
1
4
(L14 − L
2
4)−A
µaRµνA
ν
a , (36)
8where Rµν is the Ricci tensor. Then, we can conclude
that the Lagrangian in Eq. (32) is actually indepen-
dent of L2 in a non-redundant way in curved spacetime,
whereas it is already included in L2 in flat spacetime.
To remind the reader of this fact, we will in the following
deal with AµaRµνA
ν
a instead of L
1
4 − L
2
4.
E. The decoupling limit
Helmholtz theorem tells us that any vector field
Aµ can be decomposed into its transverse part, a
divergence-free vector field Aµ, and its longitudinal
part, the gradient of scalar field ∇µπ:
Aµ = Aµ +∇µπ . (37)
The decoupling limit of GSU2P, understood as an ef-
fective field theory, which corresponds in this case to
the replacement Aaµ → ∇µπ
a, must also be a healthy
theory, i.e., it must be free of the Ostrogradsky insta-
bility. Examining the term AµaRµνA
ν
a, we can observe
that its decoupling limit ∇µπaRµν∇
νπa is not healthy
as the field equation resultant of the variation of the
action with respect to πa leads to a term proportional
to ∇µRµν , i.e., a higher-order term. To avoid such a
pathological behaviour, see Ref. [33], it is necessary to
add −R(Aa ·Aa)/2 as a counterterm, R being the Ricci
scalar:
L4,0 = A
µaRµνA
ν
a −
1
2
R(Aa · Aa)
= GµνA
µaAνa , (38)
where Gµν is the Einstein tensor. Indeed, this La-
grangian is healthy in the decoupling limit because of
the divergenceless character ofGµν . Our conclusion, dif-
ferent to the one encountered in Ref. [94] where no term
with just two derivatives was found while GµνA
µaAνa
was just postulated, finds its origin in the fact that the
total derivative in Eq. (35) was first covariantized and
later employed (not) to dismiss some terms in favour of
others. This way of proceeding was identified in Ref.
[102] and it is the mechanism to uncover the beyond
SU(2) Proca terms as we will later see. To finish, the
notation L4,0 is introduced in Eq. (38) to label this
Lagrangian as one that involves (or come from) two
derivatives (this is the reason of the 4) and no vector
fields (this is the reason of the 0).
VII. TWO DERIVATIVES AND TWO VECTOR
FIELDS
A. Lagrangian building blocks
Lagrangian building blocks built from two derivatives
and two vector fields are terms of the form AµνSρσAαAβ
or SµνSρσAαAβ that involve six space-time indices. In
order to uncover them, we must contract with all the
terms in Eqs. (13) and (14). As a result, the Lagrangian
building blocks that either do not vanish or have the
potential of becoming different to zero once the internal
group indices are added are the following:
AµνS
µ
σA
νAσ ,
AµνS
ρ
ρA
µAν ,
AµνS
ν
σAαAβǫ
µσαβ , (∗)
AµνS
ρ
ρAαAβǫ
µναβ , (∗)
AµνSρσA
ρAβǫ
µνσβ ,
SµµS
ρ
ρ(A ·A) ,
SµµSρσA
ρAσ ,
SµνS
µν(A · A) ,
SµνS
µ
σA
νAσ ,
SµνS
ν
σAαAβǫ
µσαβ . (∗) (39)
When the internal indices are added, these terms are
of the form Aa{}S
bAcAd or SaSbAcAd, i.e., they involve
four internal group indices. So, in order to obtain the
Lagrangian building blocks, and according to group the-
ory [105–107], we must contract with the following prod-
ucts of two group metrics:
gabgcd ,
gacgbd ,
gadgbc . (40)
9This results in the following nineteen Lagrangian build-
ing blocks linearly independent of L2:
L14 = A
a
µνS
µ
σaA
νcAσc ,
L24 = A
a
µνS
µb
σ A
ν
aA
σ
b ,
L34 = A
a
µνS
µb
σ A
ν
bA
σ
a ,
L44 = A
a
µνS
ρb
ρ A
µ
aA
ν
b ,
L54 = A
a
µνS
νb
σ AαaAβbǫ
µσαβ ,
L64 = A
a
µνS
ρb
ρ AαaAβbǫ
µναβ ,
L74 = A
a
µνSρσaA
ρcAβcǫ
µνσβ ,
L84 = A
a
µνS
b
ρσA
ρ
aAβbǫ
µνσβ ,
L94 = A
a
µνS
b
ρσA
ρ
bAβaǫ
µνσβ ,
L104 = S
µa
µ S
ρ
ρa(A
c · Ac) ,
L114 = S
µa
µ S
ρb
ρ (Aa ·Ab) ,
L124 = S
µa
µ SρσaA
ρcAσc ,
L134 = S
µa
µ S
b
ρσA
ρ
aA
σ
b ,
L144 = S
a
µνS
µν
a (A
c ·Ac) ,
L154 = S
a
µνS
µνb(Aa · Ab) ,
L164 = S
a
µνS
µ
σaA
νcAσc ,
L174 = S
a
µνS
µb
σ A
ν
aA
σ
b ,
L184 = S
a
µνS
µb
σ A
ν
bA
σ
a ,
L194 = S
a
µνS
νb
σ AαaAβbǫ
µσαβ . (41)
B. The Hessian constraints
The Lagrangian is written as a linear combination of
the Lagrangian building blocks found in the previous
section. Thus,
L =
19∑
i=1
xiL
i
4 , (42)
where the xi are arbitrary constants. Since the La-
grangian involves two derivatives and two vector fields,
none of the Hessian constraints is trivially satisfied in
this case. Performing the calculations, we find for the
primary Hessian:
H0νab = −2A
0
cA
νcgab(x1 + 2x12 + 2x16)
−2A0cA
0cg0νgab(x1 − 2x12 − 2x16)
−2A0aA
ν
b (x2 − x4 + x13 + 2x17)
−2A0aA
0
bg
0ν(x2 + x3 − 2x13 − 2x17 − 2x18)
−2A0bA
ν
a(x3 + x4 + x13 + 2x18)
−2ǫ0ναβAαbAβa(x5 + 2x6 − 2x19)
−8(Ac · A
c)g0νgab(x10 + x14)
−8(Aa ·Ab)g
0ν(x11 + x15) , (43)
whereas for the secondary Hessian:
H˜00ab = −2A
α
[b|A
0
α|a](x1 − x3 − x4)
−2Aα[b|S
0
α|a](2x12 − x13 + 2x16 − 2x18)
−2ǫβα0σAσ[a|Aβα|b](x6 − x7 + x8)
+2A0[a|S
α
α|b](4x10 − 2x11 + 2x12 − x13)
−4A0[a|S
00
|b](2x14 − x15 + x16 − x17) . (44)
Both expressions only vanish, therefore, when the fol-
lowing eleven constraints are satisfied:
x1 = 0 ,
x3 = −x2 ,
x4 = x2 ,
x8 = −x6 + x7 ,
x13 = 4x10 − 2x11 + 2x12 ,
x14 = −x10 ,
x15 = −x11 ,
x16 = −x12 ,
x17 = −2x10 + x11 − x12 ,
x18 = −2x10 + x11 − x12 ,
x19 =
x5
2
+ x6 . (45)
Thus, the Lagrangian that satisfies the constraint alge-
bra is given by
L = x2(L
2
4 − L
3
4 + L
4
4) + x5
(
L54 +
L194
2
)
+x6(L
6
4 − L
8
4 + L
19
4 ) + x7(L
7
4 + L
8
4)
+x9L
9
4 + x10(L
10
4 + 4L
13
4 − L
14
4 − 2L
17
4 − 2L
18
4 )
+x11(L
11
4 − 2L
13
4 − L
15
4 + L
17
4 + L
18
4 )
+x12(L
12
4 + 2L
13
4 − L
16
4 − L
17
4 − L
18
4 ) . (46)
C. Total derivatives
With the purpose of establishing which of the La-
grangian pieces in Eq. (46) are redundant, the total
derivatives of terms involving one derivative and three
vector fields must be constructed. These derivatives are
terms of the form ∂µ[Aν(∂ρAσ)AαAβ ] that involve six
space-time indices, so contractions with the terms in
Eqs. (13) and (14) must be done. As a result, the only
terms that either are different to zero or have the poten-
tial of becoming so after introducing the internal group
10
indices are the following:
∂µ[A
µ(∂ · A)(A · A)] ,
∂µ[A
µ(∂ρAσ)A
ρAσ] ,
∂µ[Aν(∂
µAν)(A · A)] ,
∂µ[Aν(∂
νAµ)(A · A)] ,
∂µ[Aν(∂
νAσ)AαAβ ]ǫ
µσαβ , (∗)
∂µ[Aν(∂ρA
ν)AαAβ ]ǫ
µραβ , (∗)
∂µ[(∂ρAσ)Aβ(A · A)]ǫ
µρσβ ,
∂µ[(∂ ·A)AνAαAβ ]ǫ
µναβ . (∗) (47)
These total derivatives become terms of the form
∂[Aa(∂Ab)AcAd] once the internal group indices are
added. Since they involve four internal group indices,
contractions with the terms in Eq. (40) are needed
which results in
∂µJ
µ
1 = ∂µ[A
µa(∂ · Aa)(A
c · Ac)] ,
∂µJ
µ
2 = ∂µ[A
µa(∂ · Ab)(Aa ·Ab)] ,
∂µJ
µ
3 = ∂µ[A
µa(∂ρAσa)A
ρcAσc ] ,
∂µJ
µ
4 = ∂µ[A
µa(∂ρA
b
σ)A
ρ
aA
σ
b ] ,
∂µJ
µ
5 = ∂µ[A
µa(∂ρA
b
σ)A
ρ
bA
σ
a ] ,
∂µJ
µ
6 = ∂µ[A
a
ν(∂
µAνa)(A
c ·Ac)] ,
∂µJ
µ
7 = ∂µ[A
a
ν(∂
µAνb)(Aa · Ab)] ,
∂µJ
µ
8 = ∂µ[A
a
ν(∂
νAµa)(A
c ·Ac)] ,
∂µJ
µ
9 = ∂µ[A
a
ν(∂
νAµb)(Aa · Ab)] ,
∂µJ
µ
10 = ∂µ[A
a
ν(∂
νAbσ)AαaAβb]ǫ
µσαβ ,
∂µJ
µ
11 = ∂µ[A
a
ν(∂ρA
νb)AαaAβb]ǫ
µραβ ,
∂µJ
µ
12 = ∂µ[(∂ρA
a
σ)Aβa(A
c · Ac)]ǫ
µρσβ ,
∂µJ
µ
13 = ∂µ[(∂ρA
a
σ)A
b
β(Aa · Ab)]ǫ
µρσβ . (48)
All these total derivatives are useless as long as they pro-
duce terms with second-order derivatives. Fortunately,
this circumstance can be redeemed, although not in all
the cases, by building the following linear combinations:
∂µJ˜
µ
1 ≡ ∂µJ
µ
1 − ∂µJ
µ
8
= −
1
4
[AaµνA
νµ
a (A
c · Ac) + 2A
a
νA
νµ
a A
c
µρA
ρ
c ]
+
1
4
(L104 − L
14
4 + 2L
13
4 − 2L
17
4 − 2L
4
4)
+Aµa[∂µ, ∂ν ]A
ν
a(A
c · Ac) ,
∂µJ˜
µ
2 ≡ ∂µJ
µ
2 − ∂µJ
µ
9
= −
1
4
[AaµνA
νµb(Aa · Ab) +A
a
νA
νµbA ρµ aAρb
+AaνA
νµbAµρbA
ρ
a]
+
1
4
(L114 + L
13
4 + L
12
4 − L
15
4 − L
18
4 − L
16
4 + L
4
4)
+Aµa[∂µ, ∂ν ]A
νb(Aa · Ab) ,
∂µJ˜
µ
3 ≡ ∂µJ
µ
3 − ∂µJ
µ
5
= −
1
4
[AµaAcρσA
ρ
µ cA
σ
a +A
µaAcρσA
σ
µ aA
ρ
c ]
+
1
4
(L124 + 2L
18
4 − L
13
4 − L
16
4
−L174 − 2L
3
4 − L
4
4 + 2L
2
4)
+Aµa[∂µ, ∂ρ]AσaA
ρcAσc , (49)
while in the following cases the problem is automatically
solved thanks to the symmetries of the Levi-Civita ten-
sor:
∂µJ˜
µ
4 ≡ ∂µJ
µ
11 =
1
4
[AaµνA
νb
ρ AαaAβb +A
νb
ρ AµαaA
a
νAβb
+A νbρ AµβbA
a
νAαa]ǫ
µραβ
+
1
4
(L194 + 2L
5
4 − L
8
4 + L
7
4)
+
1
2
Aaν [∂µ, ∂ρ]A
νbAαaAβbǫ
µραβ ,
∂µJ˜
µ
5 ≡ ∂µJ
µ
12 =
1
4
[AaρσAµβa(A
c · Ac) + 2A
a
ρσA
c
µαAβaA
α
c ]ǫ
µρσβ
+
1
2
L94
+
1
2
Aβa[∂µ, ∂ρ]A
a
σ(A
c · Ac)ǫ
µρσβ ,
∂µJ˜
µ
6 ≡ ∂µJ
µ
13 =
1
4
[AaρσA
b
µβ(Aa ·Ab) +A
a
ρσA
α
µ aA
b
βAαb
+AaρσAµαbA
b
βA
α
a ]ǫ
µρσβ
+
1
4
(L74 + L
8
4)
+
1
2
Abβ [∂µ, ∂ρ]A
a
σ(Aa ·Ab)ǫ
µρσβ . (50)
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However, even like this, these total derivatives continue
to be useless unless they satisfy the Hessian constraints.
Comparison of these expressions with Eqs. (43)-(44)
and with the findings in Section III reveals that the
following linear combinations are the only ones that pass
the test:
∂µ(J˜
µ
3 + 3J˜
µ
2 ) ,
∂µ(2J˜
µ
3 − 3J˜
µ
1 ) ,
∂µJ˜
µ
5 ,
∂µJ˜
µ
6 . (51)
We have now the four total derivatives that will help us
remove some redundant terms from Eq. (46). However,
covariantization must be performed first.
D. Covariantization
The minimal covariantization scheme described in
Section VID and applied to the total derivatives of Eq.
(51) produces the curved space-time versions
∇µ(J˜
µ
3 + 3J˜
µ
2 ) =
(... ∈ L2)
+
1
2
(L24 − L
3
4 + L
4
4)
+
3
4
(L114 − 2L
13
4 − L
15
4 + L
17
4 + L
18
4 )
+(L124 + 2L
13
4 − L
16
4 − L
17
4 − L
18
4 )
+AµaRασρµAαaA
ρcAσc − 3A
µaRµαA
αb(Aa ·Ab) ,
∇µ(2J˜
µ
3 − 3J˜
µ
1 ) =
(... ∈ L2)
+(L24 − L
3
4 + L
4
4)
+
1
2
(L124 + 2L
13
4 − L
16
4 − L
17
4 − L
18
4 )
−
3
4
(L104 + 4L
13
4 − L
14
4 − 2L
17
4 − 2L
18
4 )
+2AµaRασρµAαaA
ρcAσc + 3A
µaRµαA
α
a (A
c ·Ac) ,
∇µJ˜
µ
5 =
(... ∈ L2)
+
1
2
L94
+
1
2
AβaR
α
σρµA
a
α(A
c ·Ac)ǫ
µρσβ ,
∇µJ˜
µ
6 =
(... ∈ L2)
+
1
4
(L74 + L
8
4)
+
1
2
AbβR
α
σρµA
a
α(Aa ·Ab)ǫ
µρσβ , (52)
where (... ∈ L2) means terms belonging to L2 and
Rασρµ is the Riemann tensor. We see, therefore, that
some terms in Eq. (46) can be dismissed in flat space-
time but not in curved spacetime. Indeed, to remind the
reader of this difference, these terms will be traded by
their respective curvature-dependent companions that
appear in the total derivatives in Eq. (52):
L = (x2 + 2x11 − 2x12)(L
2
4 − L
3
4 + L
4
4)
+
x5
2
(2L54 + L
19
4 )
+x6(L
6
4 − L
8
4 + L
19
4 )
−2x7A
b
βR
α
σρµA
a
α(Aa ·Ab)ǫ
µρσβ
−x9AβaR
α
σρµA
a
α(A
c · Ac)ǫ
µρσβ
+
(
x10 − 2x11 +
3
2
x12
)
(L104 + 4L
13
4 − L
14
4
−2L174 − 2L
18
4 )
−
4
3
x11[A
µaRασρµAαaA
ρcAσc
−3AµaRµαA
αb(Aa · Ab)]
+
(
8
3
x11 − 2x12
)
[2AµaRασρµAαaA
ρcAσc
+3AµaRµαA
α
a (A
c · Ac)] . (53)
E. Change of basis
There are eight linear independent Lagrangian pieces
in Eq. (53) which form a basis set for the construction of
the Lagrangian involving two derivatives and two vector
fields. For purposes that will be clear in the following
section, we will perform a change of basis that will affect
the third and sixth to eighth Lagrangian basis elements
in Eq. (53):
L64 − L
8
4 + L
19
4
→ L54 −
L64
2
+
L84
2
=
1
2
(2L54 + L
19
4 )−
1
2
(L64 − L
8
4 + L
19
4 ) ,
12
L104 + 4L
13
4 − L
14
4 − 2L
17
4 − 2L
18
4
→
1
4
(L104 − L
14
4 + 2L
11
4 − 2L
15
4 )
= (... ∈ L2)
+(L24 − L
3
4 + L
4
4)
−
3
4
(L104 + 4L
13
4 − L
14
4 − 2L
17
4 − 2L
18
4 )
+
2
3
{
∇µ(J˜
µ
3 + 3J˜
µ
2 )− [A
µaRασρµAαaA
ρcAσc
−3AµaRµαA
αb(Aa ·Ab)]
}
−
4
3
{
∇µ(2J˜
µ
3 − 3J˜
µ
1 )− [2A
µaRασρµAαaA
ρcAσc
+3AµaRµαA
α
a (A
c · Ac)]
}
,
AµaRασρµAαaA
ρcAσc − 3A
µaRµαA
αb(Aa · Ab)
→ AµaRασρµAαaA
ρcAσc − 3A
µaRµαA
αb(Aa · Ab)
+a˜
[
1
4
(L104 − L
14
4 + 2L
11
4 − 2L
15
4 )
]
,
2AµaRασρµAαaA
ρcAσc + 3A
µaRµαA
α
a (A
c ·Ac)
→ 2AµaRασρµAαaA
ρcAσc + 3A
µaRµαA
α
a (A
c · Ac)
+b˜
[
1
4
(L104 − L
14
4 + 2L
11
4 − 2L
15
4 )
]
, (54)
where a˜ and b˜ are arbitrary constants. Thus, the La-
grangian involving two derivatives and two vector fields
is written as follows:
L =
8∑
i=1
αˆiLˆ
i
4 , (55)
with
Lˆ14 =
1
4
(L104 − L
14
4 + 2L
11
4 − 2L
15
4 ) ,
Lˆ24 = L
2
4 − L
3
4 + L
4
4 ,
Lˆ34 = A
µaRασρµAαaA
ρcAσc − 3A
µaRµαA
αb(Aa ·Ab)
+a˜
[
1
4
(L104 − L
14
4 + 2L
11
4 − 2L
15
4 )
]
,
Lˆ44 = 2A
µaRασρµAαaA
ρcAσc + 3A
µaRµαA
α
a (A
c ·Ac)
+b˜
[
1
4
(L104 − L
14
4 + 2L
11
4 − 2L
15
4 )
]
,
Lˆ54 = 2L
5
4 + L
19
4 ,
Lˆ64 = L
5
4 −
L64
2
+
L84
2
,
Lˆ74 = A
b
βR
α
σρµA
a
α(Aa · Ab)ǫ
µρσβ ,
Lˆ84 = AβaR
α
σρµA
a
α(A
c ·Ac)ǫ
µρσβ , (56)
where the αˆi are arbitrary constants. We have delib-
erately ordered the Lagrangian pieces this way so that
the first four are the ones that preserve parity while the
last four, in contrast, are the ones that do not preserve
it.
F. The decoupling limit
Following the general description of Section VIE,
the decoupling limit of the theory described by Eqs.
(55) and (56), obtained by making the replacement
Aaµ → ∇µπ
a, must be free of the Ostrogradsky insta-
bility. This is easy to verify for Lˆ24 and Lˆ
6
4 whose decou-
pling limits vanish thanks to the antisymmetry of Aaµν .
It is also easy to verify for Lˆ74 and Lˆ
8
4 having in mind
their relation to ∇µJ˜
µ
6 and ∇µJ˜
µ
5 respectively, as shown
in Eq. (52), and, again, the antisymmetry of Aaµν . Now,
regarding Lˆ14, its decoupling limit leads to higher-order
field equations because, contrary to partial derivatives,
covariant derivatives do not commute. This can be re-
deemed by adding a specific counterterm so that the
healthy version of Lˆ14 becomes:
Lˆ1,h4 =
1
4
(Ab ·A
b)[Sµaµ S
ν
νa − S
µa
ν S
ν
µa −R(A
a ·Aa)]
+
1
2
(Aa · Ab)[S
µa
µ S
νb
ν − S
µa
ν S
νb
µ −R(A
a ·Ab)] .
(57)
In contrast, although the decoupling limit of Lˆ54, specif-
ically the term L194 , leads as well to higher-order field
equations, it turned out impossible to find out the re-
quired counterterm10. This leaves us with two possi-
bilities: either we must discard Lˆ54 as it is patholog-
ical in the decoupling limit or we must keep it be-
cause its decoupling limit is degenerate and this prop-
erty might, in principle, remove the ghostly degree of
freedom [41, 42]. Appendix A will show that the latter
is indeed the case. Finally, Lˆ34 and Lˆ
4
4 are the non-
Abelian versions of a term in the generalized Proca the-
ory identified unequivocally in Ref. [102] as the beyond
Proca term [103]. We conjecture then that Lˆ34 and Lˆ
4
4
are the beyond generalized SU(2) Proca terms whose de-
coupling limits must satisfy all the conditions required
to remove the Ostrogradsky ghosts. This fixes the a˜
and b˜ constants but, since the non-Abelian extension
of the beyond multi-Galileon theory has not been con-
structed yet, the actual values of a˜ and b˜ are unknown
10 The isolation of L19
4
in just one Lagrangian piece is motivated
by the impossibility of finding out a counterterm, and it is the
reason of the first change in basis elements shown in the previ-
ous section.
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to us. To circumvent this lack of knowledge, we can
take advantage of the fact that, although the Abelian
and non-Abelian vector-tensor theories are different11
despite sharing many aspects in their construction, the
non-Abelian theory stripped of the internal group in-
dices must be contained in the Abelian theory. Thus,
once Lˆ34 is stripped of the internal group indices, it be-
comes
Lˆ34 → −3A
µRµαA
αA2 + a˜
3
4
A2(SµµS
ν
ν − S
µ
ν S
ν
µ) , (58)
which must be compared with Eq. (42) in Ref. [102]:12
LBP4 = GN (X)RµνA
µAν
−[2XGN,X(X) +GN (X)]
1
4
(SµµS
ν
ν − S
µ
ν S
ν
µ) ,
(59)
where X = −A2/2, GN (X) is an arbitrary function of
X , and GN,X(X) is the derivative of GN (X) with re-
spect to X . We see that these two Lagrangian pieces are
equivalent for GN (X) = 6X and a˜ = 3. Similarly, once
Lˆ44 is stripped of the internal group indices, it becomes
Lˆ44 → 3A
µRµαA
αA2 + b˜
3
4
A2(SµµS
ν
ν − S
µ
ν S
ν
µ) , (60)
which is equivalent to the Lagrangian piece in Eq. (59)
for GN (X) = −6X and b˜ = −3.
G. A new change of basis
Having found the actual values for a˜ and b˜ in the
previous section, Lˆ34 and Lˆ
4
4 acquire the form
Lˆ34 = A
µaRασρµAαaA
ρcAσc − 3A
µaRµαA
αb(Aa ·Ab)
+3
[1
4
(Ab · A
b)(Sµaµ S
ν
νa − S
µa
ν S
ν
µa)
+
1
2
(Aa ·Ab)(S
µa
µ S
νb
ν − S
µa
ν S
νb
µ )
]
,
Lˆ44 = 2A
µaRασρµAαaA
ρcAσc + 3A
µaRµαA
α
a (A
c ·Ac)
−3
[1
4
(Ab · A
b)(Sµaµ S
ν
νa − S
µa
ν S
ν
µa)
+
1
2
(Aa ·Ab)(S
µa
µ S
νb
ν − S
µa
ν S
νb
µ )
]
, (61)
11 Abelian theories display some terms whose non-Abelian ver-
sions do not exist and viceversa.
12 This is the reason of the third and fourth changes in basis ele-
ments shown in the previous section.
which can be replaced by
Lˆ34
→ AµaRασρµAαaA
ρcAσc +
3
4
(Ab · A
b)(Aa ·Aa)R
= Lˆ34 − 3Lˆ
1,h
4 + 3GµνA
µaAνb(Aa · Ab) ,
Lˆ44
→ 2AµaRασρµAαaA
ρcAσc
+
3
4
[(Ab · A
b)(Aa ·Aa)− 2(Aa · Ab)(A
a ·Ab)]R
= Lˆ44 + 3Lˆ
1,h
4 − 3GµνA
µaAνa(A
b · Ab) , (62)
where we have added and subtracted, respectively,
the Lagrangian pieces GµνA
µaAνb(Aa · Ab) and
GµνA
µaAνa(A
b ·Ab) that only exist in curved spacetime
and whose decoupling limit is healthy since Gµν is di-
vergenceless. Furthermore, we can replace the second
Lagrangian piece in the previous expression as follows:
Lˆ44 + 3Lˆ
1,h
4 − 3GµνA
µaAνa(A
b ·Ab)
→ −
3
4
[(Ab · A
b)(Aa ·Aa) + 2(Aa · Ab)(A
a ·Ab)]R
= Lˆ44 + 3Lˆ
1,h
4 − 3GµνA
µaAνa(A
b · Ab)
−2[Lˆ34 − 3Lˆ
1,h
4 + 3GµνA
µaAνb(Aa · Ab)] , (63)
which is indeed very interesting because now Lˆ1,h4 can
be replaced by
Lˆ1,h4
→
1
4
{
(Ab · A
b)[Sµaµ S
ν
νa − S
µa
ν S
ν
µa]
+2(Aa ·Ab)[S
µa
µ S
νb
ν − S
µa
ν S
νb
µ ]
}
= 3Lˆ1,h4 +
3
4
[(Ab · A
b)(Aa ·Aa)
+2(Aa ·Ab)(A
a · Ab)]R , (64)
this just being the originalL14, i.e., without its respective
counterterm.
All together, we can formulate the reloaded GSU2P
Lagrangian composed of two derivatives and two vector
fields as follows:
L4,2 =
6∑
i=1
αi
m2P
Li4,2 +
4∑
i=1
α˜i
m2P
L˜i4,2 , (65)
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where
L14,2 =(Ab ·A
b)[Sµaµ S
ν
νa − S
µa
ν S
ν
µa]
+ 2(Aa · Ab)[S
µa
µ S
νb
ν − S
µa
ν S
νb
µ ] ,
L24,2 =A
a
µνS
µb
σ A
ν
aA
σ
b −A
a
µνS
µb
σ A
ν
bA
σ
a +A
a
µνS
ρb
ρ A
µ
aA
ν
b ,
L34,2 =A
µaRασρµAαaA
ρbAσb +
3
4
(Ab ·A
b)(Aa · Aa)R ,
L44,2 =[(Ab · A
b)(Aa ·Aa) + 2(Aa ·Ab)(A
a ·Ab)]R ,
L54,2 =GµνA
µaAνa(A
b ·Ab) ,
L64,2 =GµνA
µaAνb(Aa ·Ab) ,
(66)
L˜14,2 =− 2A
a
µνS
µb
σ AαaAβbǫ
νσαβ + SaµνS
νb
σ AαaAβbǫ
µσαβ ,
L˜24,2 =A
a
µνS
µb
σ AαaAβbǫ
νσαβ − A˜αβa S
b
ραA
ρaAβb
+ A˜αβa S
ρ
ρbA
a
αA
b
β ,
L˜34,2 =A
b
βR
α
σρµA
a
α(Aa · Ab)ǫ
µρσβ ,
L˜44,2 =AβaR
α
σρµA
a
α(A
b · Ab)ǫ
µρσβ ,
(67)
the αi and α˜i being arbitrary dimensionless constants,
mP being the reduced Planck mass, A˜
µν
a ≡
1
2ǫ
µνρσAρσa
being the Hodge dual of Aaµν , and the Lagrangian pieces
having been deliberately split into those that preserve
parity (the ones without tilde) and those that do not
preserve it (the ones with tilde). It is worthwhile men-
tioning that the subscripts 4,2 have been introduced to
remind the reader that two derivatives and two vec-
tor fields have been employed to build the different La-
grangian pieces.
VIII. THREE DERIVATIVES
A. Lagrangian building blocks
Terms of the form AµνAρσSαβ , AµνSρσSαβ , and
SµνSρσSαβ , that involve six space-time indices, are the
ones that become the Lagrangian building blocks of a
Lagrangian built with just three derivatives once they
are contracted with the terms in Eqs. (13) and (14).
Upon the contractions, the only blocks that either do
not vanish or have the potential of becoming non van-
ishing once the internal group indices are introduced are
the following:
AµνA
µνSαα ,
AµνA
µ
σS
νσ ,
AµνAρσS
ν
βǫ
µρσβ ,
AµνAρσS
α
αǫ
µνρσ ,
AµνS
µ
σS
νσ , (∗)
AµνSρσS
ρ
βǫ
µνσβ , (∗)
SµµS
ρ
ρS
α
α ,
SµµSρσS
ρσ ,
SµνSµσS
νσ . (68)
The introduction of the internal group indices makes
these terms become of the form Aa{}A
b
{}S
c, Aa{}S
bSc, or
SaSbSc, involving three internal group indices, which
lead to group invariant Lagrangian building blocks upon
contractions with ǫabc. Most of these blocks, however,
vanish because of the antisymmetric nature of ǫabc, the
only survivals being
L15 = A
a
µνA
b
ρσS
νc
β ǫ
µρσβǫabc ,
L25 = A
a
µνS
µb
σ S
νσcǫabc ,
L35 = A
a
µνS
b
ρσS
ρc
β ǫ
µνσβǫabc . (69)
B. The Hessian constraints
The linear combination
L =
3∑
i=1
xiL
i
5 , (70)
where the xi are arbitrary constants and the L
i
5 are
the ones in Eq. (69), makes the GSU2P Lagrangian
built with just three derivatives. Because no single vec-
tor field appears in this Lagrangian, the secondary con-
straint enforcing relation is trivially satisfied. Regarding
the primary constraint enforcing relation, the primary
Hessian gives the following result:
H0νab = 2A
c
ρσǫ
νρσ0ǫbca(x1 + 2x3)
+4(S0νc + g0νS00c −A0νc)ǫabcx2 , (71)
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which only vanishes if
x1 + 2x3 = 0 ,
x2 = 0 . (72)
The Lagrangian that satisfies the constraint algebra is,
therefore,
L = x3(−2L
1
5 + L
3
5) . (73)
C. Total derivatives
As with the other Lagrangians involving a different
number of derivatives and/or vector fields, we must
be sure that the Lagrangian in Eq. (73) is not re-
dundant compared with terms in L2. To this end, we
must construct total derivatives of terms involving two
derivatives and one vector field, i.e., total derivatives of
the form ∂µ[Aν(∂ρAσ)(∂αAβ)]. These terms involve six
space-time indices, so that they must be contracted with
those terms in Eq. (13) and (14). However, since the
Lagrangian in Eq. (73) does not preserve parity, it will
be enough to contract with the terms in Eq. (14). Thus,
the only terms that either are non vanishing or can be-
come non vanishing once the internal group indices are
added are the following:
∂µ[Aν(∂
νAσ)(∂αAβ)]ǫ
µσαβ ,
∂µ[Aν(∂ρA
ν)(∂αAβ)]ǫ
µραβ ,
∂µ[Aν(∂ ·A)(∂αAβ)]ǫ
µναβ ,
∂µ[Aν(∂ρAσ)(∂
ρAβ)]ǫ
µνσβ , (∗)
∂µ[Aν(∂ρAσ)(∂αA
ρ)]ǫµνσα ,
∂µ[Aν(∂ρAσ)(∂αA
σ)]ǫµνρα , (∗) (74)
which in turn can only be contracted with ǫabc after
adding the internal group indices since the total deriva-
tives acquire the form ∂[Aa(∂Ab)(∂Ac)]:
∂µJ
µ
1 = ∂µ[A
a
ν(∂
νAbσ)(∂αA
c
β)]ǫ
µσαβǫabc ,
∂µJ
µ
2 = ∂µ[A
a
ν(∂ρA
νb)(∂αA
c
β)]ǫ
µραβǫabc ,
∂µJ
µ
3 = ∂µ[A
a
ν(∂ ·A
b)(∂αA
c
β)]ǫ
µναβǫabc ,
∂µJ
µ
4 = ∂µ[A
a
ν(∂ρA
b
σ)(∂
ρAcβ)]ǫ
µνσβǫabc ,
∂µJ
µ
5 = ∂µ[A
a
ν(∂ρA
b
σ)(∂αA
ρc)]ǫµνσαǫabc ,
∂µJ
µ
6 = ∂µ[A
a
ν(∂ρA
b
σ)(∂αA
σc)]ǫµνραǫabc . (75)
As the reader has already learned, these total derivatives
are completely useless unless the second derivatives they
produce may be cancelled out. After a careful observa-
tion of these terms, only two are able by themselves to
get rid of the second derivatives in flat spacetime thanks
to the antisymmetry of the Levi-Civita tensor:
∂µJ˜
µ
1 ≡ ∂µJ
µ
2 =
1
8
AaµνA
νb
ρ A
c
αβǫ
µραβǫabc
+
1
8
(−2L15 + L
3
5)
+
1
4
{Aaν [∂µ, ∂ρ]A
νbAcαβ +A
a
νA
νb
ρ [∂µ, ∂α]A
c
β
+AaνS
νb
ρ [∂µ, ∂α]A
c
β}ǫ
µραβǫabc ,
∂µJ˜
µ
2 ≡ ∂µJ
µ
6 =
1
8
AaµνA
b
ρσA
σc
α ǫ
µνραǫabc
+
1
8
(−2L15 + L
3
5)
+
1
2
{Aaν [∂µ, ∂ρ]A
b
σA
σc
α
+Aaν [∂µ, ∂ρ]A
b
σS
σc
α }ǫ
µνραǫabc . (76)
Indeed, from this result and the findings in Sections
III and VIII B, we can see that employing either ∂µJ˜
µ
1
or ∂µJ˜
µ
2 is allowed since they satisfy the Hessian con-
straints. The conclusion is that the Lagrangian in Eq.
(73) is already contained in L2 in flat spacetime, up to a
total derivative, so that, in this framework, the GSU2P
do not contain terms built exclusively with three deriva-
tives that are linearly independent of L2. The con-
clusion is, nonetheless, completely different in curved
spacetime.
D. Covariantization
The minimal covariantization scheme applied to the
suitable combination ∂µ(2J˜
µ
1 + J˜
µ
2 ) of terms in Eq. (76)
leads to
∇µ(2J˜
µ
1 + J˜
µ
2 ) =
(... ∈ L2)
+
3
8
(−2L15 + L
3
5)
+
1
2
AνaRσ νρµA
b
σA
c
αβǫ
µραβǫabc .
(77)
The Lagrangian in Eq. (73) is, therefore, not redun-
dant against L2 in curved spacetime. As a remain-
der of this fact, we will dismiss −2L15 + L
3
5 in favour
of 12A
a
νR
σ
νρµA
b
σA
c
αβǫ
µραβǫabc. We conclude then that
the reloaded GSU2P exhibits the following Lagrangian
built from just three derivatives:
L˜5,0 = A
νaRσ νρµA
b
σA˜
µρcǫabc . (78)
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E. The decoupling limit
Since the Lagrangian given in the previous expression
vanishes in the decoupling limit Aaµ → ∇µπ
a, because of
the antisymmetry of A˜aµν , it is free of the Ostrogradsky
instability.
IX. COMPARISON WITH THE “OLD” GSU2P
The “old” GSU2P, formulated in Ref. [94], is de-
scribed by the following Lagrangian:
Lold = Lold2 +
3∑
i=1
αiL
i,old
4 +
4∑
i=i
βiL
i,old
Curv , (79)
where Lold2 ≡ L
old
2 (A
a
µν , A
a
µ) is an arbitrary function of
Aaµν and A
a
µ, and
L1,old4 = (Ab ·A
b)[Sµaµ S
ν
νa − S
µa
ν S
ν
µa −R(A
a ·Aa)]
+2(Aa ·Ab)[S
µa
µ S
νb
ν − S
µa
ν S
νb
µ −R(A
a · Ab)] ,
L2,old4 = (Aa ·Ab)[S
µa
µ S
νb
ν − S
µa
ν S
νb
µ −R(A
a · Ab)]
+AaµA
b
ν [S
µα
a S
ν
αb − S
µα
b S
ν
αa
+2Aµαa S
ν
αb − 2A
µα
b S
ν
αa + 2AρaAσbR
µνρσ] ,
L3,old4 = A
µ
aA˜
b
µσS
σνaAνb ,
L1,oldCurv = GµνA
µaAνa ,
L2,oldCurv = LµνρσA
µνaAρσa ,
L3,oldCurv = LµνρσA
µνaAρbAσcǫabc ,
L4,oldCurv = LµνρσA
µaAνbAρaA
σ
b , (80)
where Lµνρσ ≡
1
2ǫµναβǫρσγδR
αβγδ is the double dual of
the Riemann tensor. This old theory was built following
the same steps that we followed here except for three
aspects:
1. All the Lagrangian building blocks were con-
structed employing the full ∂µA
a
ν instead of split-
ting it into its symmetric Saµν and antisymmetric
Aaµν parts. This, of course, produced a lot more
blocks (and a lot more work) than needed, many
linear combinations of them already included in
L2.
2. Only the primary constraint enforcing relation was
considered. As was shown in Refs. [100, 101], this
is not enough to remove the Ostrogradsky ghost.
3. Many terms were dismissed by employing total
derivatives already at the flat spacetime level
which led to a loss of several terms that only exists
in curved spacetime, including the beyond SU(2)
Proca ones. Moreover, most of the total deriva-
tives employed do not satisfy the secondary Hes-
sian constraint.
The application of this theory to inflation and dark en-
ergy was investigated in Refs. [97, 98] and the stability
analysis of the same was performed in Ref. [99], so we
wonder how the results of these works could change in
the light of the new theory presented in this paper.
As can be seen, our Lˆ1,h4 in Eq. (57) is identical to
L1,old4 , this being one of the reasons of the second change
in basis elements in Section VII E. Examined from the
viewpoint of the reloaded GSU2P, see Eqs. (65)-(66),
L1,old4 can also be written as
L1,old4 = L
1
4,2 − L
2
4,2 , (81)
so we conclude that L1,old4 is free of the Ostrogradsky
ghost (at least in flat spacetime).
Now, L2,old4 was shown in Ref. [101] not to satisfy
the secondary Hessian constraint and so as an example
of the ghost instabilities that plagued the old GSU2P.
Nevertheless, a bit of algebra shows us that
L2,old4 − 2∂µJ˜
µ
2 = (... ∈ L2)
+
1
12
L14,2 −
1
3
L24,2
−
5
9
∂µ(J˜
µ
3 + 3J˜
µ
2 ) +
1
9
∂µ(2J˜
µ
3 − 3J˜
µ
1 ) ,
(82)
at the flat space-time level, where the quantities in this
expression, except for L2,old4 , are those of Section VII.
Thus, although neither L2,old4 is healthy, nor ∂µJ˜
µ
2 is, the
combination L2,old4 − 2∂µJ˜
µ
2 satisfies the secondary con-
straint enforcing relation and, therefore, all the physics
extracted from the unhealthy curved space-time version
of L2,old4 , for instance in Ref. [99], is equivalent to that
extracted from the healthy L2,old4 − 2∇µJ˜
µ
2 .
Something similar occurs for L3,old4 :
L3,old4 + 2∂µJ˜
µ
4 = (... ∈ L2)
+
1
2
(L˜14,2 + 4∂µJ˜
µ
6 ) , (83)
at the flat space-time level, so although neither L3,old4
nor ∂µJ˜
µ
4 are healthy, the combination L
3,old
4 + 2∂µJ˜
µ
4
is and, therefore, all the physics extracted from the un-
healthy curved space-time version of L3,old4 is equivalent
to that extracted from the healthy L3,old4 + 2∇µJ˜
µ
4 .
Now, as can be seen in Eq. (67), there exists only two
parity-violating terms in flat spacetime in the reloaded
GSU2P. Then, why is it that in the old GSU2P there
exists only one? The reason lies on a small mistake in
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the conditions of Eq. (37) in Ref. [94] to make the
primary constraint enforcing relation vanish that pre-
vented the authors of that work from finding a second
parity-violating Lagrangian piece.
Finally, among the LoldCurv of Eq. (80), the only one
that appears in the reloaded theory is L1,oldCurv which is
exactly the same as our L4,0 of Eq. (38). The other
LoldCurv were just postulated as they are obviously healthy
because of the divergenceless nature of Lµνρσ. We could
have postulated them as well in the reloaded GSU2P
but we rather not do it. This is because we expect
them to naturally appear in the theory when more than
six space-time indices are considered in the Lagrangian
building blocks without contractions.
X. COMPARISON WITH THE GENERALIZED
PROCA THEORY
Finding the beyond GSU2P in Section VII required
determining the values of the constants a˜ and b˜ in Eq.
(56). We could have followed the standard procedure
of finding out the kinetic matrix of its decoupling limit
and making it degenerate [41, 42]. However, we fol-
lowed an alternative route based on the fact that the
GSU2P stripped of the internal group indices must be
contained in the generalized Proca theory. Indeed, the
other reason why we performed the second change in
basis elements in Section VII E is that Lˆ1,h4 stripped of
the internal group indices is nothing else than L4 of the
generalized Proca theory (see Ref. [62]):
L4 = G4(X)R+
G4,X(X)
4
(SµµS
ν
ν − S
µ
ν S
ν
µ) , (84)
for G4(X) = −3X
2. Then, what about the other La-
grangian pieces that make L4,0 and L4,2? First of all,
L4,0 stripped of the internal group indices is just L4,
up to a total derivative, with G4(X) = X . In contrast,
L24,2 and L˜
1
4,2 reduce to zero when stripped of the inter-
nal group indices. Regarding L54,2 and L
6
4,2 without in-
ternal group indices, they are just healthy extensions of
GµνA
µAν that were not recognized in Ref. [94]. Finally,
L˜24,2, L˜
3
4,2, and L˜
4
4,2, stripped of their internal group in-
dices, reduce, up to total derivatives, to AβA˜
βαSαρA
ρ
which was shown in Refs. [97, 110] to be part of L2
up to a total derivative. To end up, the only parity-
violating terms in the generalized Proca theory belong
to L2 [63], so L˜5,0 stripped of its internal group indices
should be either zero, a total derivative, or contained in
L2; in fact, observing Eq. (78), the first alternative is
the correct one.
XI. CONCLUSIONS
GSU2P and beyond GSU2P are described by the La-
grangians in Eq. (38), Eqs. (65)-(67), and Eq. (78).
The theory has been written so as to make it explicit
which Lagrangian pieces exist only in curved spacetime
and which ones exist even in flat spacetime; indeed, from
the twelve Lagrangian pieces that compose the theory
only four, L14,2,L
2
4,2, L˜
1
4,2 and L˜
2
4,2, survive in flat space-
time. The nature of some of the Lagrangian pieces is
purely non-Abelian, i.e., they vanish when stripped of
their internal group indices; specifically, L24,2, L˜
1
4,2, and
L˜5,0 belong to this subset. It is worthwhile mentioning
that L˜24,2 is the parity-violating version of L
2
4,2 as can be
easily observed. On the other hand, the theory is diffeo-
morphism invariant, so that the energy and momentum
are locally conserved [104].
Much remains to be done in the exploration of this
theory as a candidate of an effective theory for the grav-
itational interaction. First of all, it is not clear yet
whether the decoupling limits of the beyond GSU2P
terms as well as that of L˜14,2 are actually healthy; the
only thing we do know is that the one for L˜14,2 is degen-
erate. Other self-consistency issues must be addressed,
such as the possible existence of ghosts (other than the
Ostrogradsky one) and Laplacian instabilities, as a fol-
low up of the work in Ref. [99], the generalization of
the constraint algebra to curved spacetime [111, 112],
the analysis of the causal structure [113], and the cal-
culation of the cutoff scale of the theory and its com-
parison with the GW170817 event frequency [21] (to
see whether the bound on the gravitational waves speed
applies to GSU2P 13). We might as well construct an
extended version of this theory, considering all the pos-
sibilities to impose a closed algebra of constraints, as
was done for the generalized Proca theory in Ref. [110].
The theory must of course be put under test against
observations; in this regard, determining whether there
exists an screening mechanism at Solar System scales,
as was studied in Ref. [73] for the generalized Proca
theory, is a crucial aspect. Of course, the cosmological
and astrophysical implications must be properly studied
both at the background (see, for instance, Ref. [98]) and
at the perturbative level (see, for instance, Refs. [115–
117]). We finish this paper by reminding the readers
and ourselves of one important message given to us by
Misner, Thorne, and Wheeler in their marvelous treatise
on gravitation [104]: “To be complete a theory of gravity
must be capable of analyzing from “first principles” the
outcome of every experiment of interest. It must there-
13 How the gravitational waves speed bound affects the generalized
Proca theory was investigated in Ref. [114].
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fore mesh with and incorporate a consistent set of laws
for electromagnetism, quantum mechanics, and all other
physics”. There is a long road in this direction ahead of
us that we hope to travel.
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Appendix A: The degeneracy of the decoupling
limit of Lˆ54
In this section, we study the degeneracy of the decou-
pling limit of Lˆ54 in Eq. (56). Following Ref. [42], we
first separate the time derivatives from the spatial ones
using a covariant 3+1 decomposition of spacetime, i.e.,
we do not introduce a coordinate system but work with
tensors that are decomposed into time-like and space-
like components. Throughout this section we use the
notation πaµ ≡ ∇µπ
a.
We assume the existence of a slicing of spacetime with
3-dimensional spacelike hypersurfaces Σt. We introduce
their normal unit vector nµ, which is timelike, and sat-
isfies the normalization condition nµn
µ = −1. This
induces a three-dimensional metric hµν , corresponding
to the projection tensor on the spatial hypersurfaces Σt,
and defined by
hµν = gµν + nµnν . (A1)
The longitudinal part πaµ of the SU(2) Proca field A
a
µ can
be decomposed by this induced metric and the normal
vector as
πaµ = −nµπ
a
∗ + πˆ
a
µ , (A2)
where πa∗ ≡ n
µπaµ and πˆ
a
µ ≡ h
ν
µπ
a
ν are the normal and
spatial projections of πaµ, respectively.
The time direction vector tµ ≡ ∂/∂t, associated with
a time coordinate t that labels the slicing of space-like
hypersurfaces, can also be decomposed as
tµ = Nnµ +Nµ , (A3)
where N and Nµ are, respectively, the lapse function
and the shift vector orthogonal to nµ. We also define
the “time derivative” of any spatial tensor as the spatial
projection of its Lie derivative with respect to tµ. Thus
in our case, we have
π˙a∗ ≡ t
µ∇µπ
a
∗ , (A4)
˙ˆπaµ ≡ h
ν
µLtπˆ
a
ν = h
ν
µ (t
ρ∇ρπˆ
a
ν + πˆ
a
ρ∇νt
ρ) . (A5)
The derivative of the normal vector can also be de-
composed into the extrinsic curvature Kµν and acceler-
ation vector aµ
∇µnν = −nµaν +Kµν , (A6)
where
aµ ≡ nν∇νn
µ , (A7)
Kµν ≡ h
ρ
µh
σ
ν∇ρnσ =
1
2N
(
h˙µν −DµNν −DνNµ
)
,
(A8)
where Dµ denotes the 3-dimensional covariant deriva-
tive associated with the spatial metric hµν .
Using the above definitions, as well as the property
∇µπ
a
ν = ∇νπ
a
µ, which is simply ∇µ∇νπ
a = ∇ν∇µπ
a,
the only terms relevant for the kinetic part of the La-
grangian are [42]
(∇µπ
a
ν )kin = λµν π˙
a
∗ + Λ
ρσa
µν Kρσ , (A9)
where
λµν ≡
1
N
nµnν , (A10)
Λρσaµν ≡ −π
a
∗ h
ρ
(µh
σ
ν) + 2n(µh
(ρ
ν)πˆ
σ)a , (A11)
the brackets in the sub or super indices meaning unnor-
malized symmetrization.
In general the kinetic part of the Lagrangian
quadratic in ∇µπ
a
ν can be written as
Lˆ = Aπ˙2∗ + 2B
µνaπ˙∗aKµν +K
µνρσKµνKρσ , (A12)
such that the kinetic matrix is(
A Bρσa
Bµνa Kµνρσ
)
. (A13)
Now, taking the decoupling limit and performing the
3 + 1 decomposition, the kinetic part of Lˆ54 reduces to
Lˆ54,kin = 2B
µνaπ˙∗aKµν +K
µνρσKµνKρσ , (A14)
where the first kinetic coefficient is null A = 0, and the
mixed and metric-sector terms can be written respec-
tively as
Bρσa =
2
N
πˆα1b πˆ
α2anα3 πˆb(ρhσ)α4ǫα1α2α3α4 , (A15)
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and
Kµνρσ =
[(
πˆα1b − 2π∗bn
α1
)
πˆa(µhν)α3 πˆb(ρhσ)α4
+2πˆα1bπ∗bn
α3 πˆa(µhν)(ρhσ)α4
]
πˆα2a ǫα1α2α3α4 .
(A16)
If the kinetic matrix in Eq.(A13) is degenerate, then it
has an eigenvector with zero eigenvalue, i.e., one can
find va0 and Vρσ such that
va0 A+ B
ρσaVρσ = 0 , (A17)
v0a B
µνa +Kµνρσ Vρσ = 0 . (A18)
The degeneracy condition on a matrix is also equivalent
to saying that one of its columns (rows) is zero.
Now, the most general symmetric spatial tensor of
order 2, acting on the hypersurface Σt, can be written
as
Vρσ = v1 hρσ + v2 πˆρaπˆ
a
σ . (A19)
Then Eq. (A17), which yields the first row of the kinetic
matrix [42], takes the form
4ǫα1α2α3α4 πˆ
α2anα3
N
(
v1πˆ
α1
b πˆ
α4b + v2πˆ
α1
b πˆ
µbπˆα4c πˆ
c
µ
)
= 0 .
(A20)
Due to the antisymmetry properties of the Levi-Civita
tensor, the previous equation is identically zero. In par-
ticular, the second term is zero after the simultaneous
interchange α1 ↔ α4 and b↔ c.
Thus, since the first row of the kinetic matrix is zero,
the Lagrangian Lˆ54 is degenerate.
[1] C. M. Will, Theory and Experiment in Gravitational
Physics (Cambridge University Press, 2018).
[2] K. Akiyama et al. (Event Horizon Tele-
scope), “First M87 Event Horizon Telescope
Results. I. The Shadow of the Supermas-
sive Black Hole,” Astrophys. J. 875, L1 (2019),
arXiv:1906.11238 [astro-ph.GA].
[3] B. P. Abbott et al. (LIGO Scientific, Virgo),
“GW170817: Observation of Gravitational
Waves from a Binary Neutron Star Inspi-
ral,” Phys. Rev. Lett. 119, 161101 (2017),
arXiv:1710.05832 [gr-qc].
[4] B. P. Abbott et al. (LIGO Scientific, Virgo, Fermi
GBM, INTEGRAL, IceCube, AstroSat Cadmium
Zinc Telluride Imager Team, IPN, Insight-Hxmt,
ANTARES, Swift, AGILE Team, 1M2H Team, Dark
Energy Camera GW-EM, DES, DLT40, GRAWITA,
Fermi-LAT, ATCA, ASKAP, Las Cumbres Observa-
tory Group, OzGrav, DWF (Deeper Wider Faster
Program), AST3, CAASTRO, VINROUGE, MAS-
TER, J-GEM, GROWTH, JAGWAR, CaltechNRAO,
TTU-NRAO, NuSTAR, Pan-STARRS, MAXI Team,
TZAC Consortium, KU, Nordic Optical Telescope,
ePESSTO, GROND, Texas Tech University, SALT
Group, TOROS, BOOTES, MWA, CALET, IKI-
GW Follow-up, H.E.S.S., LOFAR, LWA, HAWC,
Pierre Auger, ALMA, Euro VLBI Team, Pi of Sky,
Chandra Team at McGill University, DFN, AT-
LAS Telescopes, High Time Resolution Universe Sur-
vey, RIMAS, RATIR, SKA South Africa/MeerKAT),
“Multi-messenger Observations of a Binary Neutron
Star Merger,” Astrophys. J. Lett. 848, L12 (2017),
arXiv:1710.05833 [astro-ph.HE].
[5] A. Goldstein et al., “An Ordinary Short
Gamma-Ray Burst with Extraordinary Im-
plications: Fermi-GBM Detection of GRB
170817A,” Astrophys. J. Lett. 848, L14 (2017),
arXiv:1710.05446 [astro-ph.HE].
[6] R. Abuter et al. (GRAVITY), “Detection
of the gravitational redshift in the orbit of
the star S2 near the Galactic centre massive
black hole,” Astron. Astrophys. 615, L15 (2018),
arXiv:1807.09409 [astro-ph.GA].
[7] T. E. Collett et al., “A precise extragalactic
test of General Relativity,” Science 360, 1342 (2018),
arXiv:1806.08300 [astro-ph.CO].
[8] J. M. Ezquiaga and M. Zumalaca´rregui, “Dark En-
ergy in light of Multi-Messenger Gravitational-Wave
astronomy,” Front. Astron. Space Sci. 5, 44 (2018),
arXiv:1807.09241 [astro-ph.CO].
[9] J.-h. He, L. Guzzo, B. Li, and C. M.
Baugh, “No evidence for modifications of
gravity from galaxy motions on cosmologi-
cal scales,” Nature Astron. 2, 967–972 (2018),
arXiv:1809.09019 [astro-ph.CO].
[10] T. Do et al., “Relativistic redshift of the star
S0-2 orbiting the Galactic center supermas-
sive black hole,” Science 365, 664–668 (2019),
arXiv:1907.10731 [astro-ph.GA].
[11] B. P. Abbott et al. (LIGO Scientific,
Virgo), “Tests of General Relativity with
GW170817,” Phys. Rev. Lett. 123, 011102 (2019),
arXiv:1811.00364 [gr-qc].
[12] M. Ishak, “Testing General Relativity in
Cosmology,” Living Rev. Rel. 22, 1 (2019),
arXiv:1806.10122 [astro-ph.CO].
[13] A. Kostelecky´ and Z. Li, “Backgrounds in
gravitational effective field theory,” (2020),
arXiv:2008.12206 [gr-qc].
[14] C. P. Burgess, “Quantum gravity in everyday life:
General relativity as an effective field theory,”
Living Rev. Rel. 7, 5–56 (2004), arXiv:gr-qc/0311082.
[15] J. F. Donoghue, “General relativity as an ef-
fective field theory: The leading quantum cor-
20
rections,” Phys. Rev. D 50, 3874–3888 (1994),
arXiv:gr-qc/9405057.
[16] R. Penrose, “Gravitational collapse and space-time sin-
gularities,” Phys. Rev. Lett. 14, 57–59 (1965).
[17] S. W. Hawking and R. Penrose, “The Singu-
larities of gravitational collapse and cosmology,”
Proc. Roy. Soc. Lond. A 314, 529–548 (1970).
[18] R. Penrose, “Gravitational collapse: The role of gen-
eral relativity,” Riv. Nuovo Cim. 1, 252–276 (1969).
[19] R. Penrose, “Singularities and time-asymmetry,” in
General Relativity: An Einstein Centenary Survey,
(Hawking and Israel, editors) (1979) pp. 581–638.
[20] R. Penrose, “The Question of Cosmic Censorship,”
in Black Holes and Relativistic Stars, (Wald, editor)
(1979) pp. 581–638.
[21] C. de Rham and S. Melville, “Gravitational
Rainbows: LIGO and Dark Energy at its
Cutoff,” Phys. Rev. Lett. 121, 221101 (2018),
arXiv:1806.09417 [hep-th].
[22] T. S. Kuhn, The structure of scientific revolutions
(University of Chicago Press; (50th anniversary ed edi-
tion - 2012), 1962).
[23] L. Heisenberg, “A systematic approach to gener-
alisations of General Relativity and their cosmo-
logical implications,” Phys. Rept. 796, 1–113 (2019),
arXiv:1807.01725 [gr-qc].
[24] C. de Rham, “Massive Grav-
ity,” Living Rev. Rel. 17, 7 (2014),
arXiv:1401.4173 [hep-th].
[25] M. Fierz and W. Pauli, “On relativistic wave equations
for particles of arbitrary spin in an electromagnetic
field,” Proc. Roy. Soc. Lond. A 173, 211–232 (1939).
[26] C. de Rham, G. Gabadadze, and A. J.
Tolley, “Resummation of Massive Grav-
ity,” Phys. Rev. Lett. 106, 231101 (2011),
arXiv:1011.1232 [hep-th].
[27] D. Lovelock, “The Einstein tensor and its generaliza-
tions,” J. Math. Phys. 12, 498–501 (1971).
[28] D. Lovelock, “The four-dimensionality of space and the
Einstein tensor,” J. Math. Phys. 13, 874–876 (1972).
[29] C. Brans and R. H. Dicke, “Mach’s princi-
ple and a relativistic theory of gravitation,”
Phys. Rev. 124, 925–935 (1961).
[30] G. W. Horndeski, “Second-order scalar-tensor
field equations in a four-dimensional space,”
Int. J. Theor. Phys. 10, 363–384 (1974).
[31] A. Nicolis, R. Rattazzi, and E. Trincherini,
“The Galileon as a local modification of
gravity,” Phys. Rev. D 79, 064036 (2009),
arXiv:0811.2197 [hep-th].
[32] C. Deffayet, S. Deser, and G. Esposito-
Fare`se, “Generalized Galileons: All scalar
models whose curved background extensions
maintain second-order field equations and
stress-tensors,” Phys. Rev. D 80, 064015 (2009),
arXiv:0906.1967 [gr-qc].
[33] C. Deffayet, G. Esposito-Fare`se, and A. Vikman, “Co-
variant Galileon,” Phys. Rev. D 79, 084003 (2009),
arXiv:0901.1314 [hep-th].
[34] C. Deffayet, X. Gao, D. A. Steer, and
G. Zahariade, “From k-essence to generalised
Galileons,” Phys. Rev. D 84, 064039 (2011),
arXiv:1103.3260 [hep-th].
[35] T. Kobayashi, M. Yamaguchi, and J. Yokoyama,
“Generalized G-inflation: Inflation with
the most general second-order field equa-
tions,” Prog. Theor. Phys. 126, 511–529 (2011),
arXiv:1105.5723 [hep-th].
[36] C. Deffayet and D. A. Steer, “A formal introduction
to Horndeski and Galileon theories and their gen-
eralizations,” Class. Quant. Grav. 30, 214006 (2013),
arXiv:1307.2450 [hep-th].
[37] T. Kobayashi, “Horndeski theory and beyond:
a review,” Rept. Prog. Phys. 82, 086901 (2019),
arXiv:1901.07183 [gr-qc].
[38] M. Ostrogradsky, “Me´moires sur les e´quations
diffe´rentielles, relatives au proble`me des
isope´rime`tres,” Mem. Acad. St. Petersbourg 6,
385–517 (1850).
[39] R. P. Woodard, “Avoiding dark en-
ergy with 1/r modifications of grav-
ity,” Lect. Notes Phys. 720, 403–433 (2007),
arXiv:astro-ph/0601672.
[40] R. P. Woodard, “Ostrogradsky’s theorem on Hamil-
tonian instability,” Scholarpedia 10, 32243 (2015),
arXiv:1506.02210 [hep-th].
[41] A. Ganz and K. Noui, “Reconsidering the Ostrograd-
sky theorem: Higher-derivatives Lagrangians, Ghosts
and Degeneracy,” (2020), arXiv:2007.01063 [hep-th].
[42] D. Langlois and K. Noui, “Degenerate higher
derivative theories beyond Horndeski: evading
the Ostrogradski instability,” JCAP 02, 034 (2016),
arXiv:1510.06930 [gr-qc].
[43] D. Langlois and K. Noui, “Hamiltonian anal-
ysis of higher derivative scalar-tensor theories,”
JCAP 07, 016 (2016), arXiv:1512.06820 [gr-qc].
[44] J. Gleyzes, D. Langlois, F. Piazza, and
F. Vernizzi, “Healthy theories beyond Horn-
deski,” Phys. Rev. Lett. 114, 211101 (2015),
arXiv:1404.6495 [hep-th].
[45] M. Zumalaca´rregui and J. Garc´ıa-Bellido, “Transform-
ing gravity: from derivative couplings to matter to
second-order scalar-tensor theories beyond the Horn-
deski Lagrangian,” Phys. Rev. D 89, 064046 (2014),
arXiv:1308.4685 [gr-qc].
[46] J. Ben Achour, D. Langlois, and K. Noui,
“Degenerate higher order scalar-tensor theo-
ries beyond Horndeski and disformal trans-
formations,” Phys. Rev. D 93, 124005 (2016),
arXiv:1602.08398 [gr-qc].
[47] J. Ben Achour et al., “Degenerate higher order scalar-
tensor theories beyond Horndeski up to cubic order,”
JHEP 12, 100 (2016), arXiv:1608.08135 [hep-th].
[48] M. Crisostomi, K. Koyama, and G. Tasi-
nato, “Extended Scalar-Tensor Theories of Gravity,”
JCAP 04, 044 (2016), arXiv:1602.03119 [hep-th].
[49] M. Crisostomi, K. Noui, C. Charmousis, and D. Lan-
glois, “Beyond Lovelock gravity: Higher deriva-
tive metric theories,” Phys. Rev. D 97, 044034 (2018),
arXiv:1710.04531 [hep-th].
21
[50] J. Beltra´n Jime´nez, L. Heisenberg, and T. S.
Koivisto, “The Geometrical Trinity of Gravity,”
Universe 5, 173 (2019), arXiv:1903.06830 [hep-th].
[51] E. Cartan, “Sur les varie´te´s a` connexion affine et la
the´orie de la relativite´ ge´ne´ralise´e. (premie`re partie),”
Annales Sci. Ecole Norm. Sup. 40, 325–412 (1923).
[52] E. Cartan, “Sur les varie´te´s a` connexion affine et la
the´orie de la relativite´ ge´ne´ralise´e. (Suite).” Annales
Sci. Ecole Norm. Sup. 41, 1–25 (1924).
[53] J. Beltra´n Jime´nez, L. Heisenberg, and
T. Koivisto, “Coincident General Rel-
ativity,” Phys. Rev. D 98, 044048 (2018),
arXiv:1710.03116 [gr-qc].
[54] A. Padilla and V. Sivanesan, “Covariant
multi-galileons and their generalisation,”
JHEP 04, 032 (2013), arXiv:1210.4026 [gr-qc].
[55] V. Sivanesan, “Generalized multiple-scalar field
theory in Minkowski space-time free of Ostro-
gradski ghosts,” Phys. Rev. D 90, 104006 (2014),
arXiv:1307.8081 [gr-qc].
[56] A. Padilla, P. M. Saffin, and S.-Y. Zhou,
“Multi-galileons, solitons and Derrick’s
theorem,” Phys. Rev. D 83, 045009 (2011),
arXiv:1008.0745 [hep-th].
[57] E. Allys, “New terms for scalar multi-Galileon
models and application to SO(N) and SU(N) group
representations,” Phys. Rev. D 95, 064051 (2017),
arXiv:1612.01972 [hep-th].
[58] S. F. Hassan and R. A. Rosen, “Bimetric Gravity from
Ghost-free Massive Gravity,” JHEP 02, 126 (2012),
arXiv:1109.3515 [hep-th].
[59] G. Tasinato, “Cosmic Acceleration from Abelian
Symmetry Breaking,” JHEP 04, 067 (2014),
arXiv:1402.6450 [hep-th].
[60] L. Heisenberg, “Generalization of the Proca Action,”
JCAP 05, 015 (2014), arXiv:1402.7026 [hep-th].
[61] E. Allys, P. Peter, and Y. Rodr´ıguez, “Gener-
alized Proca action for an Abelian vector field,”
JCAP 02, 004 (2016), arXiv:1511.03101 [hep-th].
[62] J. Beltra´n Jime´nez and L. Heisenberg, “Deriva-
tive self-interactions for a massive vector
field,” Phys. Lett. B 757, 405–411 (2016),
arXiv:1602.03410 [hep-th].
[63] E. Allys, J. P. Beltra´n Almeida, P. Peter, and
Y. Rodr´ıguez, “On the 4D generalized Proca action
for an Abelian vector field,” JCAP 09, 026 (2016),
arXiv:1605.08355 [hep-th].
[64] C. Deffayet, S. Deser, and
G. Esposito-Fare`se, “Arbitrary p-form
Galileons,” Phys. Rev. D 82, 061501 (2010),
arXiv:1007.5278 [gr-qc].
[65] L. Heisenberg, “Scalar-Vector-Tensor Gravity Theo-
ries,” JCAP 10, 054 (2018), arXiv:1801.01523 [gr-qc].
[66] K. Dimopoulos, “Statistical Anisotropy
and the Vector Curvaton Paradigm,”
Int. J. Mod. Phys. D 21, 1250023 (2012), [Er-
ratum: Int.J.Mod.Phys.D 21, 1292003 (2012)],
arXiv:1107.2779 [hep-ph].
[67] A. Maleknejad, M. M. Sheikh-Jabbari,
and J. Soda, “Gauge Fields and Infla-
tion,” Phys. Rept. 528, 161–261 (2013),
arXiv:1212.2921 [hep-th].
[68] J. Soda, “Statistical Anisotropy from Anisotropic
Inflation,” Class. Quant. Grav. 29, 083001 (2012),
arXiv:1201.6434 [hep-th].
[69] A. Proca, “Sur la the´orie ondula-
toire des electrons positifs et negatifs,”
J. Phys. Radium 7, 347–353 (1936).
[70] A. Proca, “The´orie non relativiste des particules a` spin
entier,” J. Phys. Radium 9, 61–66 (1938).
[71] C. Deffayet, A. E. Gu¨mru¨kc¸u¨ouglu, S. Mukohyama,
and Y. Wang, “A no-go theorem for generalized vec-
tor Galileons on flat spacetime,” JHEP 04, 082 (2014),
arXiv:1312.6690 [hep-th].
[72] G. W. Horndeski, “Conservation of Charge
and the Einstein-Maxwell Field Equations,”
J. Math. Phys. 17, 1980–1987 (1976).
[73] A. De Felice et al., “Screening fifth forces in general-
ized Proca theories,” Phys. Rev. D 93, 104016 (2016),
arXiv:1602.00371 [gr-qc].
[74] A. De Felice et al., “Cosmology in general-
ized Proca theories,” JCAP 06, 048 (2016),
arXiv:1603.05806 [gr-qc].
[75] A. De Felice et al., “Effective gravitational cou-
plings for cosmological perturbations in general-
ized Proca theories,” Phys. Rev. D 94, 044024 (2016),
arXiv:1605.05066 [gr-qc].
[76] L. Heisenberg, R. Kase, and S. Tsujikawa,
“Anisotropic cosmological solutions in mas-
sive vector theories,” JCAP 11, 008 (2016),
arXiv:1607.03175 [gr-qc].
[77] A. De Felice, L. Heisenberg, and S. Tsu-
jikawa, “Observational constraints on generalized
Proca theories,” Phys. Rev. D 95, 123540 (2017),
arXiv:1703.09573 [astro-ph.CO].
[78] L. Heisenberg, R. Kase, M. Minamitsuji, and
S. Tsujikawa, “Black holes in vector-tensor theories,”
JCAP 08, 024 (2017), arXiv:1706.05115 [gr-qc].
[79] R. Kase, M. Minamitsuji, and S. Tsu-
jikawa, “Relativistic stars in vector-tensor
theories,” Phys. Rev. D 97, 084009 (2018),
arXiv:1711.08713 [gr-qc].
[80] R. Kase, M. Minamitsuji, S. Tsujikawa, and Y.-L.
Zhang, “Black hole perturbations in vector-tensor the-
ories: The odd-mode analysis,” JCAP 02, 048 (2018),
arXiv:1801.01787 [gr-qc].
[81] R. Kase, M. Minamitsuji, and S. Tsujikawa, “Neutron
stars with a generalized Proca hair and spontaneous
vectorization,” Phys. Rev. D 102, 024067 (2020),
arXiv:2001.10701 [gr-qc].
[82] J. A. R. Cembranos, C. Hallabrin, A. L. Maroto,
and S. J. Nu´n˜ez Jaren˜o, “Isotropy theorem for cosmo-
logical vector fields,” Phys. Rev. D 86, 021301 (2012),
arXiv:1203.6221 [astro-ph.CO].
[83] M.-a. Watanabe, S. Kanno, and J. Soda,
“Inflationary Universe with Anisotropic
Hair,” Phys. Rev. Lett. 102, 191302 (2009),
arXiv:0902.2833 [hep-th].
[84] C. Armenda´riz-Pico´n, “Could dark energy be vector-
like?” JCAP 07, 007 (2004), arXiv:astro-ph/0405267.
22
[85] A. Golovnev, V. Mukhanov, and V. Vanchurin,
“Vector Inflation,” JCAP 06, 009 (2008),
arXiv:0802.2068 [astro-ph].
[86] R. Emami, S. Mukohyama, R. Namba, and
Y.-l. Zhang, “Stable solutions of inflation
driven by vector fields,” JCAP 03, 058 (2017),
arXiv:1612.09581 [hep-th].
[87] M. A´lvarez, J. B. Orjuela-Quintana,
Y. Rodr´ıguez, and C. A. Valenzuela-Toledo,
“Einstein Yang–Mills Higgs dark energy re-
visited,” Class. Quant. Grav. 36, 195004 (2019),
arXiv:1901.04624 [gr-qc].
[88] L. G. Go´mez and Y. Rodr´ıguez, “Coupled
Multi-Proca Vector Dark Energy,” (2020),
arXiv:2004.06466 [gr-qc].
[89] A. Maleknejad and M. M. Sheikh-Jabbari,
“Gauge-flation: Inflation From Non-Abelian
Gauge Fields,” Phys. Lett. B 723, 224–228 (2013),
arXiv:1102.1513 [hep-ph].
[90] P. Adshead and M. Wyman, “Chromo-Natural
Inflation: Natural inflation on a steep po-
tential with classical non-Abelian gauge
fields,” Phys. Rev. Lett. 108, 261302 (2012),
arXiv:1202.2366 [hep-th].
[91] C. M. Nieto and Y. Rodr´ıguez, “Massive Gauge-
flation,” Mod. Phys. Lett. A 31, 1640005 (2016),
arXiv:1602.07197 [gr-qc].
[92] P. Adshead and E. I. Sfakianakis, “Hig-
gsed Gauge-flation,” JHEP 08, 130 (2017),
arXiv:1705.03024 [hep-th].
[93] A. Guarnizo, J. B. Orjuela-Quintana, and C. A.
Valenzuela-Toledo, “Dynamical analysis of cosmolog-
ical models with non-Abelian gauge vector fields,”
(2020), arXiv:2007.12964 [gr-qc].
[94] E. Allys, P. Peter, and Y. Rodr´ıguez,
“Generalized SU(2) Proca The-
ory,” Phys. Rev. D 94, 084041 (2016),
arXiv:1609.05870 [hep-th].
[95] J. Beltra´n Jime´nez and L. Heisenberg, “Generalized
multi-Proca fields,” Phys. Lett. B 770, 16–26 (2017),
arXiv:1610.08960 [hep-th].
[96] A. Nicolis, R. Penco, F. Piazza, and R. Rattazzi,
“Zoology of condensed matter: Framids, ordinary
stuff, extra-ordinary stuff,” JHEP 06, 155 (2015),
arXiv:1501.03845 [hep-th].
[97] Y. Rodr´ıguez and A. A. Navarro, “Scalar and vector
Galileons,” J. Phys. Conf. Ser. 831, 012004 (2017),
arXiv:1703.01884 [hep-th].
[98] Y. Rodr´ıguez and A. A. Navarro, “Non-
Abelian S-term dark energy and infla-
tion,” Phys. Dark Univ. 19, 129–136 (2018),
arXiv:1711.01935 [gr-qc].
[99] L. G. Go´mez and Y. Rodr´ıguez, “Stability
Conditions in the Generalized SU(2) Proca
Theory,” Phys. Rev. D 100, 084048 (2019),
arXiv:1907.07961 [gr-qc].
[100] V. Errasti Dı´ez, B. Gording, J. A. Me´ndez-Zavaleta,
and A. Schmidt-May, “Complete theory of Maxwell
and Proca fields,” Phys. Rev. D 101, 045008 (2020),
arXiv:1905.06967 [hep-th].
[101] V. Errasti Dı´ez, B. Gording, J. A. Me´ndez-
Zavaleta, and A. Schmidt-May, “Maxwell-
Proca theory: Definition and construc-
tion,” Phys. Rev. D 101, 045009 (2020),
arXiv:1905.06968 [hep-th].
[102] A. Gallego Cadavid and Y. Rodr´ıguez, “A sys-
tematic procedure to build the beyond generalized
Proca field theory,” Phys. Lett. B 798, 134958 (2019),
arXiv:1905.10664 [hep-th].
[103] L. Heisenberg, R. Kase, and S. Tsu-
jikawa, “Beyond generalized Proca the-
ories,” Phys. Lett. B 760, 617–626 (2016),
arXiv:1605.05565 [hep-th].
[104] C. W. Misner, K.S. Thorne, and J.A. Wheeler, Grav-
itation (W. H. Freeman, San Francisco, 1973).
[105] J. Fuchs and C. Schweigert, Symmetries, Lie algebras
and representations: A graduate course for physicists
(Cambridge University Press, 2003).
[106] P. Ramond, Group theory: A physicist’s survey (Cam-
bridge University Press, 2010).
[107] R. Feger and T. W. Kephart, “LieART—A Mathemat-
ica application for Lie algebras and representation the-
ory,” Comput. Phys. Commun. 192, 166–195 (2015),
arXiv:1206.6379 [math-ph].
[108] H. Motohashi et al., “Healthy degenerate theo-
ries with higher derivatives,” JCAP 07, 033 (2016),
arXiv:1603.09355 [hep-th].
[109] R. Klein and D. Roest, “Exorcising the Ostrograd-
sky ghost in coupled systems,” JHEP 07, 130 (2016),
arXiv:1604.01719 [hep-th].
[110] R. Kimura, A. Naruko, and D. Yoshida, “Ex-
tended vector-tensor theories,” JCAP 01, 002 (2017),
arXiv:1608.07066 [gr-qc].
[111] V. Errasti Dı´ez, M. Maier, J. A. Me´ndez-Zavaleta, and
M. Taslimi Tehrani, “A Lagrangian constraint analysis
of first order classical field theories with an application
to gravity,” (2020), arXiv:2007.11020 [hep-th].
[112] M. J. Heidari and A. Shirzad, “Structure of
Constrained Systems in Lagrangian Formal-
ism and Degree of Freedom Count,” (2020),
arXiv:2003.13269 [physics.class-ph].
[113] S. W. Hawking and G. F. R. Ellis,
The Large Scale Structure of Space-Time, Cambridge
Monographs on Mathematical Physics (Cambridge
University Press, 1973).
[114] T. Baker et al., “Strong constraints on cos-
mological gravity from GW170817 and GRB
170817A,” Phys. Rev. Lett. 119, 251301 (2017),
arXiv:1710.06394 [astro-ph.CO].
[115] K. Dimopoulos, M. Karcˇiauskas, D. H. Lyth, and
Y. Rodr´ıguez, “Statistical anisotropy of the curva-
ture perturbation from vector field perturbations,”
JCAP 05, 013 (2009), arXiv:0809.1055 [astro-ph].
[116] L. G. Go´mez and Y. Rodr´ıguez, “Statistical
Anisotropy in Inflationary Models with Many
Vector Fields and/or Prolonged Anisotropic Ex-
pansion,” AIP Conf. Proc. 1548, 270–276 (2013),
arXiv:1306.1150 [astro-ph.CO].
[117] J. P. Beltra´n Almeida, Y. Rodr´ıguez, and
C. A. Valenzuela-Toledo, “Scale and shape depen-
23
dent non-Gaussianity in the presence of inflation- ary vector fields,” Phys. Rev. D 90, 103511 (2014),
arXiv:1405.7374 [astro-ph.CO].
